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This  paper  concerns  the  computation  of  the  cohomology  groups  Hl{G,  M), 
where  G is  the  finite  group  SLg(2n),  the  finite  group  SUs(2n),  the  finite  group 
Sping(2n),  the  finite  group  Spin(i(2n),  the  (simply  connected)  algebraic  group  A^Fj), 
the  (simply  connected)  algebraic  group  B^Fj),  the  (simply  connected)  algebraic 
group  C|(F2),  or  the  (simply  connected)  algebraic  group  /?4(Fg),  and  where  M is  a 
simple  module.  The  cohomology  group  Hl{G,M)  Sf  Ext^ffc,  M)  can  be  thought  of 
as  a space  of  equivalence  classes  of  extensions  of  M by  the  one-dimensional  trivial 
module  k.  In  the  course  of  deriving  the  needed  results  concerning  1-cohomology  over 
the  algebraic  groups,  we  take  the  opportunity  to  not  only  compute  the  quantities 
Ext |j(k,  M)  for  all  simple  G-modules  M,  but  to  also  compute  all  of  the  quantities 
Ext q(L,  M)  for  all  pairs  of  simple  G-modules  {L,  M).  The  strategy  is  to  first  deter- 
mine the  socle  layers  of  the  ext  module  for  the  Frobenius  kernel  of  G by  tensoring 
with  various  restricted  simple  modules,  and  using  an  isomorphism  derived  from  the 
Lyndon-Hochschild-Serre  spectral  sequence  to  determine  which  modules  appear  in 


the  socle  of  the  resulting  tensor  product.  We  use  the  resulting  information  to  com- 
pute all  of  the  groups  ExtgfL,  M)  for  the  (simply  connected)  algebraic  groups  of 
type  A\  and  O4  using  the  5-term  sequence.  We  then  use  the  Lyndon-Hochschild- 
Serre  spectral  sequence  for  the  pair  (G,  6r)  , where  Gr  is  a certain  infinitesimal 
subgroup  of  simply  connected  C4,  together  with  the  information  gathered  about  the 
ext  groups  for  D\,  to  calculate  the  ext  groups  for  Finally,  we  combine  this  in- 
formation with  known  results  about  the  ext  groups  for  Ga  (where  Ga  is  a certain 
infinitesimal  subgroup  of  simply  connected  B4)  to  calculate  all  of  the  ext  groups  for 
(simply  connected)  B4  and  C4,  and  their  Lie  algebras. 

The  bulk  of  the  argument  for  the  finite  groups  involves  the  reduction  of  the  prob- 
lem to  a reasonable  finite  number  of  cases  where  the  cohomology  might  be  nonzero. 

a generalization  of  Alperin's  induction  step  obtained  from  the  long  exact  sequence 
in  cohomology.  In  the  case  of  the  B4-type  groups,  we  are  able  to  take  advantage  of 
a very  simple  consequence  of  the  special  isogeny  that  exists  between  the  algebraic 
groups  of  type  B/  and  C/.  In  the  course  of  many  of  the  arguments  involving  the  finite 
groups,  we  need  to  show  that  certain  hom  groups  are  zero;  thus  we  need  to  develop 
a lot  of  information  about  which  simple  modules  appear  as  composition  factors  of 
certain  tensor  products  of  simple  modules.  An  important  tool  in  this  type  of  analysis 
will  be  the  concept  of  module  “mass”,  which  was  first  introduced  in  the  papers  of 
Sin.  Finally,  we  handle  the  remaining  cases  by  using  information  about  cohomology 
over  the  algebraic  group;  with  a suitable  bound  on  n,  we  may  use  the  relationship 
between  rational  and  generic  cohomology,  as  documented  by  Cline,  Parshall,  Scott, 
Van  der  Kallen,  and  Andersen. 


CHAPTER  1 


INTRODUCTION 

In  1939,  Hermann  Weyl  [23]  observed  that  finite  dimensional  representations  of 
complex  and  real  Lie  groups  could  always  be  written  as  direct  sums  of  irreducible  ones. 

For  these  representations  (over  the  fields  of  the  natural  characteristic),  not  all  modules 
are  semisimple;  there  exist  modules  which  have  a simple  submodule  such  that  the 

all  modules  of  composition  length  two  for  certain  algebraic  groups  of  rank  4 over  an 
algebraically  closed  field  of  characteristic  2.  We  then  utilize  the  results  for  modules  in 
the  principal  block  to  assist  in  determining  all  of  the  extensions  of  the  trivial  module 
for  most  (all  but  finitely  many)  of  the  finite  classical  groups  over  characteristic  2 
fields  with  rank  4 root  systems.  Specifically,  we  calculate  the  extensions  of  the  trivial 
module  for  Spin8(2")  if  n > 9,  for  Spin9(2n)  if  n > 10,  and  for  SL5(2n)  if  n > 11. 

The  precise  way  of  formulating  the  classification  of  module  extensions  is  obtained 
via  homological  algebra,  namely,  by  considering  the  first  right  derived  functor  of 
Hoiii<7(-,  ■).  Given  two  (7-modules  L and  M,  the  (vector  space)  Extg(L,  Af)  can  be 

0 — ■ M —•  A — L — .0, 

0 > M > A . /,  . 0 


The  corresponding  element  of  the  space  Ext Jj(£,  M ) is  zero  if  and  only  if  the  short 
exact  sequence  is  split,  i.e.,  if  and  only  if 


A = L®M. 

Thus,  the  dimension  of  the  space  Ext£.(i,iW)  in  some  sense  quantifies  the  amount 
of  variegation  which  can  occur  in  the  types  of  nonsplit  extensions.  More  precisely, 
dim*(Ext/j(£,  M ))  is  the  maximum  number  d of  summands  of  (modules  isomorphic 
to)  M which  can  occur  in  a module  with  a filtration 

©S=l  M, 

where  L is  the  only  quotient  which  can  be  written  as  a direct  sum  of  simple  modules. 
We  shall  consider  the  extension  problem  for  the  simply  connected  groups  of  types 
/14,  fl|,  Cl  and  Du.  (The  case  0 = *4  has  already  been  investigated  (19);  due  to  the 
existence  of  a certain  endomorphism  of  G together  with  a refinement  of  Steinberg’s 
tensor  product  theorem,  that  problem  had  turned  out  to  be  essentially  of  rank  two.) 
We  compute  all  of  the  groups  ExtJ;(£,  M)  for  all  possible  pairs  of  simple  modules  I. 
and  M.  In  the  process,  we  also  obtain  the  structure  of  the  G-modules  ExtJj((t,Af) 
for  all  possible  pairs  of  simple  restricted  modules  L and  M , where  G\  is  the  Frobenius 
kernel  and  has  the  same  representation  theory  as  the  Lie  algebra  Lie(G). 

In  1942,  Brauer  (5)  described  how  to  compute  the  modular  character  tables  for 
the  finite  group  SL(2,p)  and  determined  the  structure  of  the  projective  indecompos- 
ables.  It  was  not  until  the  late  seventies  that  Alperin  solved  the  extension  problem 
for  SL{ 2, 2"),  and  Cline  published  results  for  the  algebraic  groups  SL( 2,  k)  over  alge- 
braically dosed  fields  k of  characteristic  p (for  all  primes  p).  In  1977,  Cline,  Parshall, 


Scott,  and  Van  dec  Kallen  published  an  important  result  describing  the  relationship 
between  cohomology  for  the  algebraic  group  and  cohomology  for  the  finite  Chevalley 

groups.  Work  done  by  various  algebraists  in  the  eighties  and  early  nineties,  starting 
with  Cline,  Parshall,  and  Scott  (e.g.,  Jones,  Volklein,  Kleschchev)  produced  results 
on  the  extension  problem  in  some  cases  for  arbitrary  Chevalley  group  types  over 
arbitrary  fields  but  for  very  restricted  classes  of  modules,  and  in  other  cases  for  spe- 
cific Chevalley  group  types  of  small  rank  (e.g.  SL(3,  k))  over  arbitrary  fields  (e.g., 
Kuhne-Hausmann,  Doty-Sullivan,  Irving,  Krop).  During  the  years  1991-3,  Sin  pro- 
duced several  results  on  the  extension  problem  for  specific  Chevalley  group  types  of 
rank  2 and  3 over  fields  of  characteristic  2 and  3,  following  Alperin's  approach  [1]. 
In  1993,  Ye  considered  the  groups  Ga(p)  for  p > 7.  As  far  as  the  near  future  is  con- 

Chevalley  groups,  but  only  over  fields  of  characteristic  p for  sufficiently  large  p (and 
it  is  not  at  all  clear  at  present  exactly  how  large  p must  be  for  the  results  to  hold.) 
This  paper  utilizes  the  type  of  methods  developed  by  Andersen  [2],  Jantzen  (12]  and 
Donkin  [9,10]  for  the  algebraic  groups  and  Sin  (15,16,17,18]  for  the  finite  groups. 

We  shall  exploit  some  relationships  which  occur  between  the  groups  of  types  B4, 
C4,  D\  and  F\.  If  G and  G are  simply  connected  groups  of  types  B/  and  C/,  defined 
over  Fa,  then  there  are  maps  from  G to  G,  and  from  G back  to  G whose  composites 
are  the  FVobenius  morphisms  of  G and  6.  It  turns  out  that  a particular  subgroup  of 
G which  is  of  isomorphism  type  simply  connected  D\  plays  a special  role  with  respect 
to  these  maps.  In  this  way,  the  group  of  type  becomes  the  natural  starting  point 
for  our  considerations.  A general  discussion  of  this  situation  (for  the  groups  of  rank 
/)  is  presented  in  ref.  11  where  the  results  of  Chapters  3 to  5 will  appear. 

In  recent  work  of  Sin  [19],  similar  isogenies  for  the  groups  of  types  Ba  and  I'\  in 


characteristic  2 and  type  Gj  in  characteristic  3 were  exploited  to  compute  the  simple 
module  extensions.  The  kernel  of  the  infinitesimal  isogeny  for  F4  also  happens  to  be 
isomorphic  to  a quotient  of  a Lie  algebra  of  type  D4,  and  this  link  made  it  possible 
to  draw  on  knowledge  about  D4  in  making  calculations  about  F4.  This  time,  in  our 

to  B 4 and  C4. 


algebraic  group  extensions,  and  perform  some  preliminary  compututations  concerning 
Weyl  modules  and  tensor  products.  In  Chapter  3,  we  compute  the  socles  of  all  of  the 
tensor  products  we  will  need  in  the  rest  of  the  paper.  We  need  to  do  this  first  because 

structure  of  the  Ext1  groups  in  Chapter  4.  In  Chapter  5,  we  compute  the  module 

3 and  4 together  with  the  Lyndon-Hochschild-Serre  spectral  sequences.  Finally,  we 
consider  the  finite  groups  in  Chapter  6.  (Chapter  6 may  be  read  independently 
although  it  requires  some  of  the  results  of  Chapters  4 and  5.)  The  preliminaries  are 
as  follows.  Fix  an  algebraic  closure  k of  F2,  and  regard  finite  extensions  of  F2  as 
subfields  of  k.  For  n € N,  we  denote  by  G the  simply  connected  semisimple  algebraic 
group  of  type  D4  or  B4  over  k,  and  by  G(n)  the  finite  group  Sping(2"),  the  finite 
group  Spin9(2n),  the  finite  group  SL5(2"),  or  the  finite  group  SUs(2").  The  latter 
is  by  definition  the  subgroup  of  SL4<22")  preserving  the  hermitian  form  on  Fj,„ 
represented  in  the  standard  basis  by  the  identity  matrix.  Thus,  G(n)  can  always 
be  regarded  as  the  subgroup  of  fixed  points  under  an  appropriate  endomorphism 
of  G.  Let  T be  a maximal  torus  of  G,  and  for  dominant  weights  p € X+(T), 
with  respect  to  a fixed  choice  of  Borel  subgroup  containing  T,  let  L(p)  denote  the 


unique  (up  to  isomorphism)  simple  module  for  G with  highest  weight  p.  For  a 
module  M,  over  G or  G(n),  we  denote  by  M*  its  dual  (contragredient).  We  denote 
by  Mi,  or  occasionally  M ^ (when  dealing  with  the  groups  of  types  B\  and  C4 
and  their  special  isogenies),  the  i1*  Frobenius  twist  of  M.  The  set  of  (isomorphism 
classes  of)  simple  modules  for  Spin8(2")  (resp.  Sping(2n),  SLs(2"),  SUj(2n))  is 
comprised  of  the  restriction  to  Sping(2”)  (resp.  Sping(2n),  SLg(2n),  SUs(2"))  of  the 
2"  -restricted  modules  for  G.  By  Steinberg's  tensor  product  theorem,  this  will  be  the 
restriction  to  C(n)  of  the  set  of  modules  of  the  form  £(po)  ® £(pi  )i  ® . . . ® £(p„)n  S 

I(po)  ® £(2/*l)  ® • ■ • ® £(2BPn)  5!  £(p 0 + 2pi  + • • • + 2"pn),  as  p0, . . . ,pn  range 

over  the  restricted  weights  (i.e.  those  integral  weights  A for  which  0 < ( A,  of ) < 2 
for  each  simple  root  a,).  We  note  however,  that  M,+„  2S  A/,  if  G(n)  = Sping(2"), 
Sping(2n),  or  SL5(2n),  while  Mi+n  a Mf  if  G(n)  = SU6(2"). 

We  label  the  modules  corresponding  to  the  restricted  weights  as  follows.  Let 
M»A2,  A3,  A4  denote  the  standard  fundamental  dominant  weights  for  a root  system 
of  type  A4,  let  £1,63, 63,  £4  denote  the  standard  fundamental  dominant  weights  for  a 
root  system  of  type  D4,  let  wi,U2,W3,u>4  denote  the  standard  fundamental  dominant 
weights  for  a root  system  of  type  B4,  and  let  nki,U2,W3,W4  denote  the  standard 
fundamental  dominant  weights  for  a root  system  of  type  C4. 


Table  1-1  (£>4  bestbicted  modules) 


Table  1-2  (A4  restricted  modules) 


X 6 {“1,«2.W3,uji+U2,ui+u3,uj+W3,wi+«2+U3).  (See  ref.  21.)  Thus,  we  refer 


to  L(u i + 104 ) as  0o,  etc.  The  fact  that  5,  the  first  Steinberg  module,  is  actually  a 
tensor  product  of  two  smaller  modules  will  be  of  great  help  in  some  of  the  induction 
step  arguments. 

For  a finite  set  I of  natural  numbers,  we  let  Vj  = ® je;  V).  The  collection  of 
simple  £G(n)-modules  then  consists  of  the  set  of  all  (isomorphism  classes  of)  modules 
of  the  form 


if  G = G4,  the  set  of  modules  of  the  form 
if  G A 4,  or  the  set  of  modules  of  the  form 

6/i  ® A/,  ® A/t  ® ® T/6  ® E/,  ® 07,  ® (0o)/t  ® (p<7)/1(  ® (A«r)/lt  ® (A o);la 

«(**)/„  ®(r<r)/M®  Sr, 

if  G = B4,  where /i,...,/i4,/i  are  disjoint  subsets  ol  N = {0,1, . ..  ,n— 1).  It  is  well- 
known  that  the  module  Sp/  is  projective;  it  is  the  Steinberg  module  for  G(n).  The 
group  of  field  automorphisms  Gu/( F2«/F2)  sets  on  the  set  of  isomorphism  classes  of 
simple  &G(n)-modules  by  acting  on  the  set  of  ordered  15-tuples  of  disjoint  subsets  of 
Ar.  The  automorphism  7 1-*  72  acts  by  adding  i to  each  element  of  N and  taking  the 
remainder  modulo  n,  if  G(n)  = Sping(2n),  Spin9(2"),  or  SL5(2”).  If  G(n)  = SU5(2"), 
this  is  followed  by  the  transpositions  (/i,/g),  (Iz,U),  (/fi,  I7),  (/g,  Ig),  (In,  In)  and 
(Il3,Il4)-  We  show  in  Chapter  6 that  //'  (G(n),  M)  is  zero  for  most  of  the  simple 


AG(n)-modules  M — £(A).  To  determine  the  remaining  cohomology  groups,  we  use 
the  relationship  between  rational  and  generic  cohomology  via  a bound  on  n (which, 
because  of  our  reductions,  will  be  independent  of  A)  discovered  (for  individual  A)  by 
Cline  et  al.  [7]  and  Andersen  [3],  Thus,  the  main  result  of  the  paper  can  be  stated 
as  follows: 

THEOREM.  A)  (Dg  version)  Ifn  > 9,  then  for  simple  G(n)  - modules  M, 
Bl(G(n),M)  3 2k 


ff'(G(n),M)3* 

if  M is  a Frobcnius  twist  of  ®pi,  or  and  is  zero  otherwise. 

B)  (At  version,)  Ifn>  11,  then  for  simple  G(n ) -modules  M, 

Hl(G(n),M)  3 k 

if  M or  its  dual  is  a Frobenius  twist  of  $,  AA],  A0‘,  or  T0J  and  is  zero  otherwise. 

C)  (Bg  version)  Ifn  > 10,  then  for  simple  G(n ) -modules  M, 

»>(G(n),  Af)  3* 

if  M is  a Frobenius  twist  of  9,p,  'll,  'll  pi,  or  ptj\,  and  is  zero  otherwise. 

The  same  results  hold  for  G (in  all  three  cases)  if  I\, . . . , /14,  R are  allowed  to  be 
disjoint  finite  sets  of  nonnegalioe  integers  and  conjugation  is  by  Z. 


7.1  of 


10 

The  result  for  G follows  from  the  result  for  G(n)  because  of  Theorem  7 
ne  et  al.  [7],  which  asserts  that  the  restriction  map 

E*tJ;(i(p),LM)  — Extic(n)(i(p),I(v)) 


n a bound  which  depends  on  p and  v. 


CHAPTER  2 


PRELIMINARY  COMPUTATIONS 
§2.1.  Algebraic  Croup  Computation; 

One  of  the  techniques  we  shall  use  for  analyzing  the  algebraic  groups  mil  be  the 
exploitation  of  some  intimate  connections  among  the  groups  of  types  Bt,  C4,  D4  and 
F4.  It  is  well  known  that  over  an  algebraically  closed  field  k of  characteristic  2 the 

groups.  More  precisely,  if  G and  6 are  simply  connected  groups  of  types  Bi  and  C/, 
defined  over  F2,  then  there  exist  special  isogenies  [22] 

o : G ->  G,  t : G G 


such  that  the  composites  too  and  o o t are  the  Frobenius  morphisms  of  G and  G. 

the  module  for  r,  we  write  for  the  G-module  thus  obtained.  Conversely,  any 
G-module  N on  which  Ga  acts  trivially  is  of  the  form  MW  for  some  G-module  M , 
and  we  shall  then  write  this  module  M as  N^a~'y  Similar  notation  will  be  used 

C4  groups,  we  shall  therefore  denote  twisting  by  the  n-th  power  of  the  Frobenius 
map  by  The  tangent  maps  do  and  dr  between  the  Lie  algebras  have  nonzero 

groups.  They  are  the  ideals  generated  by  the  short  root  spaces  in  the  Lie  algebras 
and  Steinberg  [21]  used  them  to  sharpen  his  tensor  product  theorem,  reducing  the 
11 


12 

problem  of  determining  the  characters  of  all  simple  (rational)  modules  for  G and  G 
to  the  case  of  simple  modules  for  g a or  gr.  We  observe  that  g^  is  a quotient  of  the 
direct  sum  of  l copies  of  sl2  and  the  only  G-module  on  which  it  acts  irreducibly  is  the 
2* -dimensional  spin  module.  The  algebra  gr  is  isomorphic  to  a quotient  of  the  Lie 
algebra  of  a simply  connected  group  of  type  D/,  so  its  simple  modules  are  a subset 
of  the  restricted  simple  modules  for  type  D/.  Hence,  Steinberg's  observation  implies 
that  the  characters  of  the  simple  modules  for  groups  of  types  B/,  Cf  and  D/  will  be 
known  once  they  are  known  for  D/.  In  this  way,  the  group  of  type  O4  becomes  the 
natural  starting  point  for  our  considerations. 

For  the  most  part,  we  adhere  to  the  standard  notational  conventions  from  the 
literature  on  algebraic  groups.  If  G is  a semisimple,  simply  connected,  algebraic 
group  over  an  algebraically  closed  field  of  characteristic  p,  let  T be  a maximal  torus 
of  G and  fix  a choice  of  Borel  subgroup  containing  T.  Let  Z$  denote  the  root  lattice, 
A a (fixed)  base  of  simple  roots  corresponding  to  the  choice  of  Borel  subgroup,  Z+A 
the  set  of  nonnegative  integral  linear  combinations  of  positive  roots,  X{T)  the  weight 
lattice,  X(T)+  the  set  of  dominant  weights,  and  let  X\(T)  be  the  set  of  p-restricted 
weights  = (p  € X(T)  : 0 < ( v,ai)  < p Vt»|  € A).  When  dealing  simultaneously 
with  the  algebraic  groups  of  types  B4  and  C4,  we  adopt  the  notational  convention  of 
writing  “i"  for  an  object  of  type  C4  corresponding  to  an  object  “x"  of  type  B\. 

The  calculation  of  extensions  of  simple  modules  involves  two  main  steps.  The 
first  consists  of  finding  the  G-  and  6-module  structures  of  the  groups  ExtJ-  (£(A°), 
£(p0))  and  Ext^  (L(A'°), Ifp10)),  where  G„  = kerir,  CT  = kerr,  and  the  modules 
£(A°),  l(p').  etc.  are  simple  modules  for  G and  6 which  remain  simple  for  G„  and 
Gr.  If  we  let  D denote  the  subgroup  of  G generated  by  the  long  root  subgroups  (which 
is  simply  connected  of  type  D4 ),  it  turns  out  that  the  Frobcnius  kernel  D\  of  D maps 
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onto  Gr  via  a and  that  the  kernel  in  a subgroup  of  multiplicative  type.  Thus,  we  are 
able  to  use  information  about  the  D-module  Ext ^ (2,(A'°)(<T),  L(/1'0)<"))  to  help  us 
in  determining  the  G-module  structure  of  Extt  (Z,(A'°),  If  E denotes  one  of 

the  Ext1 2  groups  above,  then  the  second  step  is  to  compute  the  socle  of  the  G-module 
E ® L(X)  for  all  dominant  weights  A (and  similarly  for  6).  In  the  groups  of  rank 
4,  it  is  only  necessary  to  consider  those  A which  are  2-restricted.  Once  these  socles 
are  determined,  the  extensions  are  computed  via  certain  isomorphisms  obtained  from 
the  Lyndon-Hochschild-Serre  spectral  sequences  for  the  pairs  (G,  Go)  and  (G,Gr). 
They  can  then  essentially  be  read  off  from  a reasonably  small  set  of  tables.  The  Ext* 
groups  for  types  At  and  Dt  are  computed  similarly  using  their  FVobenius  kernels 
(and  the  appropriate  spectral  sequences.) 

order  to  get  started.  For  example,  we  will  want  to  know  some  Weyl  module  structure 

fundamental  property  of  Weyl  modules  is  that  if  A p,  then  dimj(Extc(i(>/),  1(A))) 
is  equal  to  the  multiplicity  of  L( A)  in  the  second  radical  layer  of  V(/s).  We  shall  fre- 

about  their  socles.  A filtration  G-module  is  said  to  be  good  if  the  subquotients  are  iso- 
morphic to  induced  modules  //°(A)  for  various  A € .¥+.  There  is  also  the  dual  notion 
of  a Weyl  filtration.  The  important  facts  for  our  purposes  about  a finite-dimensional 
G-module  M with  a good  filtration  are  the  following: 

(1)  The  multiplicity  of  A)  as  a subquotient  is  dimtHomc(V(A),  M). 

(2)  If  H°( A)  and  W°(p)  are  both  good  filtration  factors  and  A jt  p,  then 
Af  has  a good  filtration  in  which  the  factor  /f®(p)  appears  above  the 


factor  H°(A). 


(3)  If  the  module  M'  also  has  a good  filtration,  then  so  does  M 0 M' . 

A proof  of  (1)  can  be  found  in  Jantzen  [12, 11,4.18],  and  (2)  follows  from  a standard 
property  of  Weyl  modules  [12,  II,  2.14).  The  deeper  fact  (3)  is  proved  by  Donkin  [10, 
7.3.1]  with  a few  exceptions  and  in  general  by  Mathieu  [14].  Given  a module  with 
a good  filtration,  the  multiplicities  of  the  subquotients  can  be  determined  from  the 
weight  multiplicities  in  the  module.  Another  important  concept  related  to  module 
extensions  is  that  of  “linkage”.  The  action  of  the  “affine  Weyl  group”  on  the  set  of 
weights  is  generated  by  the  “dot”  action  of  the  Weyl  group  (where  w-v  = u>(ti+p)-p), 
together  with  translations  by  p-multiplesof  roots.  Two  weights  are  said  to  be  “linked" 
if  they  are  in  the  same  orbit  under  the  affine  Weyl  group.  From  Jantzen ’s  Sum 
Formula  [12],  it  is  clear  that  L(X)  and  L(p)  cannot  appear  as  compositions  of  the 

tables  of  composition  factors  of  certain  Weyl  modules  which  will  be  used  throughout 
the  paper.  These  can  easily  be  computed  using  Jantzen's  Sum  Formula,  together 
with  FVeudenthal’s  Formula  (or  by  utilizing  the  tables  of  weight  multiplicities  of 
Bremner  et  al.  [6]).  For  convenience,  we  do  not  repeat  information  which  can  clearly 
be  obtained  from  that  already  recorded  by  applying  a graph  automorphism  or  by 
symmetry  via  relabelling. 


Table  1-4  Weyl  module  composition  factors  (>14) 


Weyl  module 

radical  (composition  factors) 

V(A,) 

0 

V(A2) 

0 

V(Ai  + A2) 

0 

V(Ai  + X«) 

0 

^(A2  + A4) 

£(Al) 

^(Aj  + Aj) 

k 

V^A.  + Aj  + An) 

I(A2),I(2A,) 

K(A,  + A2  + A3) 

0 

V(2Aj) 

i(A2) 

V(2A,) 

i(A2  + A4) 

nsA,) 

I(A2) 

V(2A,  + A,) 

I(A,),£(A2  + A4) 

V(A2  + 2An) 

2i,£(A2  + A3) 

V(3A,  + A4) 

t(A3  + A4) 

V(Ai+2A3) 

£(Ai  + A2  + A4) 

V(2A2  + Aj) 

I(2Ai),£(A1  + A2  + A4),I(Ai+2A3) 

V(A,+A2  + 2A4) 

£(Ai  + A2  + A3) 

V(2A2  + 3A4) 

£(A2  + A4),L(2A3)12£(2A1  + An),  i(3A2),  Z.(A,  + A3  + 3A„) 

V(3A,+2A2  + A4) 

2I(2A2  + A3  + A4),  £(2A,  + A2  + A3  + An),  £(4Ai  + A3  + A„) 

V(3Aj  + 2A3) 

2£(A2),  2£(2Ai  ),  2£(3An),  2£(2A2  + 2A4), 

£(A2  + 2A3  + An),  2£(2A]  + 2A3  + A4),  £(4A3), 

£(A,4  2A2  + A3  + AX/-(4A2  + An) 

Table  1-5  Weyl  module 


FACTORS  (£),) 


Weyl  module 

radical  (composition  factors) 

V(h) 

0 

V(h) 

2k 

v(Si+h) 

0 

v'(«s  + <<) 

Hh) 

V'(«l+«3  + <4) 

2k,  3l{St),  1(25!),  £(253),  £(254) 

V(«2  + «3  + <4) 

£(fl),i(53  + «4) 

V(Wi) 

L(53  + 54) 

v(«i+a«3) 

Msi  + h) 

V(25,  + i3  + «4) 

2i(5i),  £(53  + SA),  £(35,),  L(h  + 63  + 5,) 

V(35i  + 5,) 

Hit  + «s),  £(5,  + 253),  1(5,  + 25,) 

V(Si+2h) 

3£(5i),  L(5j  + 63  + 5,),  £(25,  + 53  + 5,) 

K(5,  + «J  + 2*3) 

4i(*l),i(53  + 5Ai(35,), 

V(Wl) 

2t(5i),  i(25|  + 53  + 54),  £(5]  + 25j) 

V(3Sl+2S<) 

3S:tSai,+S'w‘+!,‘>’ 

V(5,  + 25,  + 25,) 

5£(5,),  £(53  + 54),2L(35| ), 

f-(°2  + 53  + 54),  Z(25|  + 63  + 54),  £(5i  + 25j), 

£(5i  + 5s  + 25fi),  It  61  +5, + 25.,) 

V(2ti  + S3  + 6i) 

6£(5i),  3£(53  + 54),  3£(35,),  £(52  + 53  + 54), 
£(25,  + 53  + 54),  2£(5i  +252),£(5i  + 52  + 253), 
i(5,  + 5,  + 25.,),  «5,  +25, + 25,1 

V(2fi  + 6j  + 53  + &,) 

7L(5|),4£(53  + 54),  4£(35i),  £(5j  + 5j  + 54), 
2/-(25,  + 53  + 54),2£(5i  + 252),Z.(51  + 5j  + 253), 

V(35,+25j) 

*Mh  + 54),  2£(35, ) 2£(252  + 53  + 5,1, 
£(25i  + &>  + 5s  + 5,),  £(45,  + 63  + 5,) 
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Table  1-6  Weyl  module  composition  factors  (C4) 


Weyl  module 

*(*l) 

0 

V(&2) 

k 

Vfa) 

0 

V(2i,) 

2 i.Lfupj) 

§2.2.  Character  Multiplication  Tables 


This  section  is  included  mainly  for  reference  purposes.  We  need  to  obtain  in- 
modules over  the  algebraic  groups  as  well  as  over  the  finite  groups.  For  example, 

formation  about  the  socles  of  various  tensor  products  (in  fact,  much  of  our  work  will 
be  in  reducing  the  computation  of  the  extensions  for  the  modules  over  the  algebraic 
group  to  questions  about  the  socle  structure  of  certain  tensor  products,  which  can 
then  be  listed  conveniently  in  table  form.)  When  we  deal  with  the  finite  groups, 
we  are  more  interested  in  the  totality  of  isomorphism  types  of  composition  factors 
which  appear  within  each  tensor  product.  In  many  instances  we  need  to  show  that 
there  are  no  nonzero  homomorphisms  from  a given  module  with  simple  head  into  a 
given  tensor  product  of  simple  modules;  sometimes  all  that  is  required  is  to  show 
that  the  tensor  product  has  no  compositition  factors  isomorphic  to  the  head  of  the 
given  module. 

LEMMA  2.2.1.  The  composition  factors  which  appear  in  each  tensor  product  of  pairs 
of  restricted  simple  modules  are  as  indicated  in  Tables  2-1  to  2-3.  (We  have  omitted 

A<r®*SS<r®(A®*).; 


(Remark:  In  many  cases,  we  a 
position  factors  in  a product  of  i 
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! only  interested  in 
stricted  modules,  a 


which  modules  appear  as  c 


PROOF : The  weight  multiplicities  of  the  restricted  simple  modules  can  be  completely 
determined  from  those  of  the  Weyl  modules  [6]  using  the  Jantzen  Sum  Formula  [12]. 
The  tensor  products  are  then  computed  by  calculating  the  weight  orbits  under  the 
Weyl  group  and  then  multiplying  the  appropriate  formal  characters.  | 


Table  2-1  tensor  products) 


product 

composition  factors 

ea®e“ 

4*,2/i,8f 

e°®e* 

28',  Ac 

e»®p 

A",  A" 

ea®Aa 

2i,4/j,28ic,  ♦ 

e°®  a* 

2Ac,ece? 

8"  ® A“ 

lot,  8/1, 28je,  48J,  3*.  2/11 , /i8? 

8“®  A6 

28e,2Ac,2Ac,8'e5,rt 

8°®* 

28a,2r°,Aaef 

ea  ® r1 

8i,  4/1, 48?^,  4»,  4p  1 , 2/i8f,  A“,  S 

e"  ® r* 

88',  2A',  28'8;,  4r , 3A'6f,  28'/i1,A'8; 

Table  2-1  (continued) 


product 

composition  factors 

/i®/< 

61,  4p,  20|4c,  2®,  pi 

P®A“ 

20°,  2a°,  eae}c,  r* 

P®A“ 

80“,4A“,  2A“,  0a05c,  20“0;,  3r“,2A“0;,0“pi 

P®* 

121,  6/1, 60?*“,  2*,  4/11 , 2/i©;*c,  AJ*“, 5 

par” 

240“,  8A“,2A“,  20“0{“,  80a0J,  6r“, 
A“05“,  6A“0?,  60“pi,3A“0}“,  20“  A?,  A“/n 

a“  ® a° 

161,  8/1,40^, 60J.4*, 4/ii,  2/105“,  A? 

A“®A4 

40“,  4 A“,  20“0  ? , 2r“,  A“0 1 

a0  a a" 

20fc,  16/1, 1005', 80?, 6*,  4P1 . 2p0“ic,  A{“,  5 

Aa  a a* 

120“,  4AC,  4AC,  20'0ftc,  41"“,  A'0j , 3A'0f , 20“p , , A'0? 

A*  8# 

160“,  6A“,  60“0“,  4r“,  4A“0f,40“pi,2A“e{“,  0“Af 

A-’ar" 

681,  32/i,  3405“,  320?,  104',24/si,  12/i©5“, 
10/10? , 8A?40, 205“,  25, 4/i/ii , 34.05“,  2aV,  pA? 

A°ar* 

320“,  12A“,  4A“,  40“0f , 120“0;,8r“,  8A“0f , 
2A“0“,80“pi,  2A“0“,4A“0?4,  0“A?,  30“  A?,  2A“pi , r“0f 

a°  a a“ 

721,44/1, 2805“,  320?,  16*,  20/t|,  6/105“ , 
12/i0“,  4Ai*“,  20?,  25, 2p/ii,24.0?,  A? 

a- ® a* 

320“,  14A“,  8A“,  40“0?‘,  lO0“0f , 10r“, 
A“0?*,  7A“0f , 60“rn,  3A“0?‘,  20“  A?,  A“pi 

A"  a# 

320“,  12A“,6A“,60“0}“,  120“0?,8r“,2A“0}“, 
8A“0?,80“pi,  4A“05“,  2A“0“,  0“A?“,  30“  A?,  2A“pi , T“0? 

A-ar1 

2121, 88/1, 1O20{“,  100©?,  284.,  86pi , 38/105“,  32p0f,  26A}“,  28  A?, 
1005“,  80?,  45, 12/i/it,  74*05“,  64*0?^?*“,  3pA?*',  24* , , 4>p , 

A°ar* 

720“,28A“,  16A“,2O0'0;,  160“05,280‘0;,  18r“,6A“0;, 
8A'0{,  18A“0;,  180“/ii,  1OA“0“,  8A“05,6A“0?,40“A?6, 
60“  A?,  0“0?,4A'p,,  3r“0?,  2r“0“,2A“pi , 2A“A5, 0'A? 

*8* 

1181, 48p,  560;‘“,  124*, 48/ii,  2O/I0?4', 

16A?‘“,  60?*“,  8/1/11 , 44>0?t“,  4 A?‘“,  2/iA?‘“,  4" , 

Table  2-1  (continued) 


product 

composition  factors 

4®r° 

56e“,24A“,24A“,320“e5',240“ef,  10r“,  14A°e}c, 
12A“0“,  16Qapi,8Aa0|C,  lOA“0f , 80“  A}1,  60“  Af,  20“0^, 
4A“/i, , 4ra0*c,  2r“0?,3A“A{',  A“A“,  4A“(i,, 20“  A^,  A“A? 

r“®r“ 

6481, 248p,  2960|C,2980},64®,  304/ii , 108/105', 
lO4p0j,92Ajc,  100A{,  520^,4002, 45, 56(1/1!,  24405', 
2O40f,36A5',32A;,6/i05',14/iAf',2OpA?,40;0|',40}0|, 
40?  0?,  164i,  4(12, 84(i, , 2S05',  2/iA5c,  24  A?,  If 

r“®r* 

1720',  80A',  48A',  640'0f*,  8O0'0f , 28r',  28A'0ft, 

4OA'0f , 640e/i!,  24A'0f4  ,2OA'0f , 160“  A?4, 2O0'A5,80'©f , 
1O0'0§,  22A'/ii,8r'0|4, 121^05, 6A'A“4, 4A'Af, 7A'0£, 
8A'(ii,40'A“4, 60' A',  3A'A“4, 2A'A?  , 20‘4 1 , 2r'/i  1 , A' A? 

5®ea 

320°,  12A“,  120“0;,8r“,8A“0;, 
80“  (ii,  4A“0?C,  30“  A?,  2A“/i] , T“0? 

5®/i 

1761, 72(1, 840“4',  224, 74(ii,  3O/i0f‘, 

24A?4',  80?4',  25, 12(i(ii , 640?4',  6A?4',  3(iAf4',  24i,  4(i, 

S®A“ 

640“,24A“,  24A“,  320“05c,  240“©;,  16r“,  14A“05', 
16A“0“,  160“(ii,8A“©5',  1OA“0“,  80“A|',  60“  A“, 

4 A“/ii , 4r“0t',  2r“0“,  3A“A|C,  4A“(ii , 20“  Af',  A“A? 

5®  A 

22O0“,96A“,48A“,640“0}',960“0;,44r“,28A“0}', 

52A“0“,  760“(ii,  3OA“0}',  2OA“0f,  160“  A}',  240“A{,80“0!j4', 
24A“/11 , 8r“05“,  12ra0?,6A“A}',  4A“  AJ,  6A“0J,  8A“/i, , 
40“a5',  60“  A?,  3A“A5c,  2A“  A?,  20“  4 1 , 2r“(n , A“A? 

5®4 

8321, 298(1, 3760J4',  724, 440/ii , 136/10?4',  mAf40, 8O0J4', 

65, 88(1/11 , 3040,  , 64AJ4',  lO/iOf',  28/iAJ4',  80J05',8050f , 
80?  eg4, 324 1 , 1 24/1 1 , 250?4',  8(12, 34A?4',  4(iA?4',  2I'?4',  u4 1 

s®  r° 

5520“,236A“,  16OA“,24O0“0}',2420“0J,88r“,  112A°0{', 
12OA“0J,  2480“/ii,  76A“0}“,  72A“0f,  720“  a5“,  760“  Af  ,4O0“0g4', 
84A“/ii,36r“04',  32r“0J,  32A“a5',2OA“AJ,8A“05',  2OA“0|, 
48A“/ii,  360“A5c,  320“  Af,  8A“0f,  14A“a5',  20A“Af , 60“05e!j, 
6©“0f  05, 40“e;e4f,  i6e°4 1 , i2r“(n,  4A“  a}1,  sa°  aj,  4e“/i2, 
2r“A5c,  3r“Af  ,2A“4i , 2A“Af',  0“r? 

Table  2-1  (continued) 


product 

composition  factors 

8248i,  261Cp,  34560^,  596*,  5152/ij , 1212(10}*',  1488A}*', 
115202Ac,485,  1120(i(ii, 272*0?tc,96OAfc,  184(10}*',  352pAf*r, 
1720j02C,  1720 1 0^,  1720J 02  • 4°0({e2), 636#i,  176*(i,, 
2050}*',  208(12 , 56*  A}*',  120(iAJ*®,  20*8“*',  921'}*',  32(i , 6}*', 
14p0;0^,  14(10}  0f,  14p0503‘,52p*1, 16(Ai02)ai,:,4Afc, 
85(11 , 8(i(i2, 8*A}*',  40?6c(12,2SA?4',  2**  1 , 2(irTc,  5, 

Table  2-2  (A,  tensor  products) 


product 

composition  factors 

000 

2A,  0i 

000’ 

i,(i 

00A 

A*,E* 

00  A’ 

20*,  A* 

30,2A,0*0, 

0 0 A 

E,T 

00A* 

2it,2*,A*0i 

00E 

3A*,20J,T* 

0 0 E* 

20*,3A*,2Ai,A0i 

00* 

2A,AJ,r 

00T 

A*,20;,3T*,20*Ai,A0i 

0 0T* 

A*,2r,E0, 

0 0 r 

2A,  40,,  4T,  30A*,2A*Ai,  *0, 

0 0 r* 

4*,3*,2A0},0*A;,S 

Table  2-2  (continued) 


product 

composition  factors 

A®  A 

20*,2A,,Ai 

A®  A' 

2*,p,* 

A®/i 

3A,20i,E,T 

A®  A 

2A*,20|,2T*,0*Ai 

A®  A’ 

e,2A,Aj,e'ei,r 

A®  E 

38\2A*,ee;,r* 

A ® E* 

4*,p,3*,2A*0i,0Ai 

A ®* 

A,  20i,  E,3T,  26A  J , A*  Ai 

A ® T 

0*,2A*,Ai,00J,3r*,2S0,,/iAi 

A®T* 

6t,4*,2Ae;,2A*ei,e*A;>m,5 

A®r 

3A,,80;,E,,200i,6T,,60*Ai,3AA|,3A01,2A;,A*Ai 

A®r* 

20, 3A,  2AJ,  A*0J,4I\  32‘0;,  2/iAJ,  EA, 

/I®/- 

8i,2/i,4#,2A0J,2A*0i,pi 

p®  A 

20,3A,2A;,A,0;,2r,E*0; 

P®E 

4A,  201 , 2S,  20*0;,  3T,  20AJ,  A*0J 

p®$ 

8i,  6* , 2A0J,  2A*0, , 0*A  J,  0A,,  S 

P®  T 

5A,  120i,  E,  28*0  j,8T,60A|,4A*Al,3A*0J,2Ai,2*l,0|,  Api 

P®r 

40, 6A,  4AJ,  40*0i,  7T,  2AAi, 
2A*0i,  4E*8f,  E*,  3(i  AJ , 2EAi , T*0i 

A®  A 

4A,60i,20*0;,4T,48A;,2A*Ai,2A,0;,Ai 

A®  A* 

6*,  it,  3*,  2A©;,  2A*8i,  8*  a;,  8Ai  , n,  s 

A®E 

2A*.  40J,  2E*,  4T*,  p©;,  30*  Ai , 2AAJ,  *0J 

Table  2-2  (continued) 


product 

composition  factors 

A®E* 

3e*,  2A*,  eej,  3r*,  2sei,/iAj 

A®* 

40, 3A,  2AJ,  20*0!,  A*0J,  4r,  AAi,3E*0;,  2pAJ,  EAi 

A ® T 

8A*,180I,2E*,600i,8T*,p0J,90*Ai, 

6AA;,4A0i,34'0;,4A;,2A*Ai,2A*p1,0Ai 

A ® T* 

60*.  6A*,  5A] , 400t , 2A01 , 5r*,  2A*  At, 
4E0i,2A0t,3/iAi,0tpi,Ei,2E'A;,r0; 

A®r 

11A,  2601 , 3E,80*0t,  11T,  120At,2p0,,8A*Ai, 
6A*0t,6A,,  4*0,,  E*  A,,  3AAt,3Ap, , 20*At,  T'A, 

a®p 

26i,  2p,  12*,  9A0;,  1OA*0,,  60*  At,  8pi,80Ai, 
E0t,25,4A*At,3AAi,3T0t,2*1,20Ei,A*Ai 

E®E 

40*,6A*,  4A, , 400J,  2r*,  2A*AJ,  2A0J,  E, 

E®E* 

8 *,  2p,4*,  2A0J,  2A*01,p1,  S 

E®* 

6A,  100, , 20*0;,  7T.60AJ,  3A*  A,.  3A*0J,  2A,,  AAf 

E®T 

50*,  6A*,4Ai,300t,  2A0i,6r*, 
4E0,,  2A0t,  3pAl,  0‘PI , 2E*A*,r0* 

£®T* 

16*,  p,  9*,  6A0J , 6A*0, , 30*  AJ,  4pi , 40A, , 2 S,  2A*  A;,  2T0J,  0E, 

s®r 

12A*,260t,2E*,  10001, 13T*,  140*  Ai,8AAt, 
7A0i,4*0;,6A;,3A*Ai,3A*pi,20Ai,TA{ 

s®r* 

60, 9A,  12AJ,  80*0i , 4A*0t,  8I\  20$,  4A  A, , 
6E*0t,  4pAj , 3T*0J,  2EAi,  20*  A],  2*A( , AEi 

*®* 

18i,2p,8*,6A0;,6A*0i,40*AJ,40Ai,4pi,25,2A*A;,2AAi,*i 

*®T 

13A,  280i , 3E,  100*  0t,  12T,  140At,  2p0i , 9A*  Ai, 
7A*0t,  6A, , 4*0, , E*A, , 3AAJ,  3Api,  20*  At,  T*A, 

*®r 

160, 14A,  16AJ,  100*01, 8A*0;,  10r,  6AA, , 6A*0i, 
8E*0t,4ET,40pi,6pAt,4EAi,2r*0,,3*A;,2A*AT,2TAi,0*i 

T®T 

160*,  16A*,28Ai,  1800J,  12A0, , 602, 10r*, 

8A*  Af , 8E01 , 6A0t,  6pA| , 40*pi  ,4E,,4E*Ar, 
4T0, , 4*A, , 40At,  2r0t,  2AA, , 2A*p,,  2A*£t,  T, 

T®T* 

46*,  5p,  19*,  18A0t,  18A*01, 130*  At,  130Ai,  17p,, 
2E0t,2E*0i,35,6A*At,6AAi,4T*0,,4T0t,4*i, 
ppi,30Ei,30*ET,2AAt,2A*Ai,*pi 

Table  2-2  (continued) 


product 

composition  factors 

r®r 

25A*,5805,9£*,2200i,23T*,8/i05,3O0*Ai,  17AAJ, 
ifiAei,8*e;,isA?l2e*e2,4!:A;,9A*Ai,6A*fii.4r8i, 
2A2,  40A,,  3£*/ii,  2TAJ,  A£5,2/iAt,  2r*Ai , ££{ 

r®r* 

260, 22A,  44A5,  260*0i , 19A*0S,  14r,  1005, 12AAi , 
1OA*0i,  ll£*05,8£5,80/ii,8/iA5,7T*0S,5£Ai,2r*0i, 
60*A1,6>l'At,3Api,4A*AJ,3TAi,3A£1,2T;,20*i,A*Ai 

r®r 

42A,  10801 , 8£, 400*0?,  32T,  4O0Aj,  6/i0i , 36A*  Ai , 2OA*05, 
32Ai,  2O*0i, 6A*02,4£*Ai,14AA;,14Api,  160*  A!,  40502,405, 
40£;,8T*Ai,2rA;,40*A2,250i,2A£5,2A*AT,2A*i,ri 

r®r 

88i,  12/i,  36*,  34A05,34A*0i,  240*A5, 240Ai,  33pi,  8E0S, 
8E*0i,6S,12A*A5,12AAi,8T05,8T40i,8*i,4p/ii,60j:i, 
60*£5,4A*Ai,4AA5,3r*A;,3rAi,2*pi,2£A;,2£*Ai,/i*, 

s®e 

5r,  4£*0;,  3/iA|,  2£Ai , T*0i 

5®  A 

8A,  240i,  80*0*,  10T,  120A5,8A*Ai,6A*05, 
6Ai,4*0i,3AA*,3Api,20*A*,T*Ai 

40i,  16*,  16A05, 16A*0, , 120*A5, 120Ai,  16pi,45, 6A*A5, 
6AAi,  4T0t,  4T  *0, , 4*i , 30£,,30*£;,  2A*Ai,2AA*,  */n 

5®  A 

200, 18A.40A5, 240*0i,  16A*05,  ior,80!, 12AAi, 
1OA*0i,8£*0J,8£5,80/ii,6/iA5,6T*05,4EAi, 
2r*0i,60*Ai,6*A5,3Api,4A*A5,3TAi,3A£i, 
2TT,20*i,A*Ai 

5®E 

16A,  480i , 8£,  160*0J,  20T,  240A5 , 8/i0i , 
16A*Ai,12A*©5,12Ai,8*0i,4£*Ai,6AA5,6A/ii, 
40*  AT,4r*0t,  2T*  Ai,  3E/ii , 2/iAi,  2rA?,  E*£i 

5 ®* 

80i,  10/1, 32*,  32A0J , 32A*0i,  240*  A5, 240Ai,  32/11,  8E05, 
8£*0i , 45, 12A*  A5, 12A  Ai,  8T05, 8T*0i,  8*  i , 4/i/ii , 60Ei , 
60*E*,4A*Ai,  4AAf,  3r*A*,  3rA| , 2*pi , 2EAJ,  2£*Ai , /■*, 

5 ® T 

56A,  16001, 16E,  600*05, 38T.640A5, 16/101, 
51A*Ai,34A*05,58Ai,S005,28*0i,lOA*0s,8E*Ai, 

21  AA5,22Api,  240*  Af , 80;63. 8A$,  8r*05, 80E5, 

1 1 T*  Ai , 4A*Ei,  6Epi , 4/iAi , 4rA5 , 60*  A2, 2S0i , 2E*Ei , 
3AE*,3T/ii,4A*A*,4A*i,20T*,2ri,2*Ai,  A*T, 

5®r 

880, 56 A,  160  A5 , 920* 0 1 , 68 A*05 , 32r,  400! , 52AA  i , 

44A*0i,  32E*  ©i , 48E5, 370/ii , 24/iA5 , 2OT*05 , 28EA],  8A02, 
16r*0i,320*Ai,24*AJ,14A/ii,26A4A5,18TAi,14AEi,8E02, 
40*0J02, 16T5, 6/i£5,40*A5, 160*i , 6A*  A2, 4E*  A5, 8A*  Ai , 
40?A2,3*E*,2rpi,2SA*,2T*A5,2ATi,2A*1,0*r, 

Table  2-2  (continued) 


product 

composition  factors 

54 4i,  64p,  120*,  218A0;,218A*0i,  1846*  A),  1840A,,  272p, , 
56E0),  56E'0i , 4O002, 400'  0J,  16S,  94A*  AJ,  94AA 1 , 64T0! , 
64T*0,,  152*i,  28ppi,720Ei,720*E;,2OA02,2OA*0!,76A4A|, 
76AAJ,  24r'A|,  24rAi,  36*/ij  , 32A,0!, 32A!02, 14AEi , 14A*ET, 
24EAJ,  24E*  A,,  8AA2, 8A*AI,  14A010?,  14A,0!02, 40i  A2, 40}  AI, 
160Ti,160*T;,4p2,16p*i,8TA;,8T'Ai,4EA2,4E*A;,400iA;, 
40*0)  A2,  4**i,  25/i],  2rEi,2r*E),2ATl(2A*Tl,2Ar,,2A*r,,5i 

Table  2-3  (B4  tensor  products) 


product 

composition  factors 

0®0 

4*,2p,0, 

0®p 

A,  A 

0 ® A 

24r,  4p,2oi,* 

0 ® A 

lOi,8p,40i,2<ri,3*,2pi,p0i 

0 ® * 

20,2T,A0i 

0®r 

8*,  4p,  40i , 4<ri , 4*,  4pi , 2poi , Ai,  E 

0®E 

320, 12A,  1200i , 8T,  8A0i , 80p! , 4Ao, , 30A,,  2Ap! , T0i 

p®p 

6*,  4p,  20|,  20!,  2*.  pi 

p ® A 

20,2A,0oi,r 

p ® A 

80, 4A,  2A, 200, , 0<r,,  3I\  2A0, , 0p, 

p®* 

12fc,6p,60i,4oi,2*,4pi,2p0i,2p<ri,(0rr)1,  Ai,E 

p®r 

240, 8A,  2A,  800 , , 20oi , 6r,  6 A0 1 , 60p, , Ao, , 3 A<r, , 20  A , , Ap  1 

p®E 

176*,  72p,  8401 , 4801 , 22*,  74pi,  3Op0i , 802, 24po. , 18(0o-h , 24  A. , 
2E,8o5,6*0i,  12ppi  ,6Ai,6*o'],6(po)i,3uA,,3p(0<7)i,2*i, *«,  * 

A®  A 

16*,  8p,  60i , 4<ri,  4*,  4p, , 2p<r, , Ai 

Table  2-3  (continued) 


product 

composition  beta. 

A®A 

20k,  1 6/i,  80 1 , 8o, , 64»,  4/i  , , 2/i0 , , 2/io, , (0o)  i , E 

A®* 

160, 6A, 6001, 4r,4Ae1,48pi,2Aff1,eA1 

A®r 

68k,  32/1, 320,  ,22oj,  10*,24/i,,  10/10,,  12/io,, 
6(0o), , 8Ai , 2E,  2o9.4wii , 3*o, , 2(iio)i , nAi 

A®S 

640, 24A,  24A,  2400!,  2O0o, , 16r,  16A0i , 
160pi,lOA01,8Aff1,8Ao-i,60Ai,60(0<r)1,4Api, 
2r0, , 4A/n . 4r<ri , 3A(0o), , 20(no)i , AAi 

A®A 

72k,  44/1,  320. , 20o, , 16*,  20ui , 12u0i, 

A®* 

320, 12A,  6A,  1200 1 , 40oi , 8r,  8A0 1 , 80/1 1 , 
2A0,.  2Ao, . 4Ao, , 30A, , 0(0o), , 2A/n . r0i 

A®r 

212k,  88/i,  1OO0i,62oi, 28*, 86/11, 32/i0i , 
802, 32/10] , 20(  0o)  , , 28  A , , 4E,  lOoj,  6*6], 

A®E 

2200, 96A,  48A,  9600] , 4000] , 44I\  52A0, , 

760/1, , 2OA0. , I6A01, 8009, 24Aob  240A, , 120(0o>! , 

24  A/i] , 8009, 12r0i  ,8Api  ,6A09, 60A,,  8ro, , 

6A(0o)i , 4AAi  ,40(«o)i,2AAi,3A(0o)i  .2rm , 20*, . AAi 

*®* 

118k,  48/1, 560],  32ob  12*, 48/i],  20/10] , 602, 16/ioj , 12(0o)i, 
16  A, , 602, 4*0, , 8/ini . 4A, , 4*o,  .4(iio), , 2u  Ai . 2ii(0o), , *, 

*®r 

560, 24 A,  24A,  2400, , 2000,,  10T,  12A0, , 160/1, , 
1OA0] , 8Aoj , 8Ao,,  60A,,  60(0o)  ] , 4Au, , 20  09, 
2r0, , 4A,n  ,4roi , 3A(0o)i , A A, . 20(/io), , AA, 

*®E 

832k,  298/1, 3760, , 200 o, , 72*,  440/i] , 136/10, , 8009, 88/10, , 

86(0o)i,  134A,,  6E,  8O02, 30*0,,  88/ip, , 64A,,  24*o, , 1O/102, 
44(/io), , 28/iAi,24/i(0o},,  60,82, 32*, , 12*/i,,  10/io2, 80,o2, 2E0,, 

r®r 

648k,  248/1, 29801 , 168o,,64*,  304/1,,  104  90, , 4O02, 
84/10,,  64(0o)i,  100A,,4E,52o2, 20*0,,  56/1/1,,  32A,, 
24*o,,  28(po)i,2OpAi,12p(0o)i,  16*i,  8*u,,6uo2, 
48,o2,4p2,4/Ao)1,2^o,;2ii(pi|,.2*Ai.rr1 

r®s 

5520. 236A,  160A,  24208, , 1440oj,88r,  12OA0, , 2480/1, , 
72A0,,56Aoi, 4O002, 52Aoi,760A,,480(0o)i,84A/i,, 4O0o2, 
32r0, , 48A/1,,  2OA02, 320A, , 32ro, , 28A(0o), , 20A  A, , 240(/io) , , 
2OAA,,12A(0oh,8Ao2,12r,ii,  160* , , 8A A, , 8Aoa,  40/i2,  400,0,, 
60(Ao),,4A(/io)I,2r(0o)i.3rAl  ,2A*i,2Afno),,0r, 

Table  2-3  (continued) 


product 

composition  factors 

8248*,  2616/1,345601 , 1720 o,  ,596*,  5152/1, ,1212/10, , 1 15202, 
688/10, , 792(00), , 1488A,,  48E,  1 144o2, 272*0, , 1 120/1/1, , 960A, , 
176*0,,  184/i02,576(/io),,  400, 02,352/iA,,26O/i(0o),.  112o,02, 
636*i,  176*/i,,  184/io2,1720,o2,2OE0i,2O8/i2,  132(Ao)i,  120/iA,, 
2O*02,  16Eo,  , 40  o,o2, 32/i,  02, 88/i(/io), , 56*  A , , 48*(0o), , 92r, , 
60(Ao),,  12/io, 02, 52/1*,, 20*o2,  16A,02,8E/i,, 32/1, o2, 14/i(Ao),, 

o®o 

8*,40,4/i,2A,o, 

<7®0O 

20*,  80, 16/1, 40, , 4A,  4o, , 4A,  2*,  0o, 

<7®(IO 

24<t,  40, 24/i,  80, , 4 A,  8o, , 8A,  8*,  4/i , , 20o, , 2r,  /io. 

o®Ao 

40*,  80, 32/i,  120, , 8A,  16o, , 8A,  12*,  8/i, , 40o, , 4I\  4/io, , 2A, , Ao, 

80*,  320, 64/i.  320, , 16A,  24o, , 16A,  800, , 24*,  16/i, , 
40oi . 8/i0i . 12I\  4noi , 8A0i . 40/11 . 2(0oJ, , 2E,  Aoi 

o®*o 

48*,  400, 24/i, 240, , 12A,  16o,.  1200,,  16*,  16/i,,8/i0,, 
16r,  8/ioi , 12A0i , 8011, . 4(0o), . 4Ai , 4E,  4Ao, , 20A  t , *oi 

o®ro 

1 68*,  960, 80/i,  8O0i , 32A,  60oi , 8 A,  3200 , , 36* , 64/i , , 

800,, 20/10,, 32r,  32/101, 24A0,, 240/1,,  li(0o)i,2OA,,4Ao|, 
8£,  4o?,  8/1/1 1 , 12  Aoi , 80A  i . 6*o, . 4A/i, , 4(/io)  T , 2/i  A , . Toi 

o®S 

704*,  2560, 288/1,3360, , 96A,  192o, , 48A,  9600,  ,88*, 

296/1,  ,4000,,  120/10, , 320'.,  64I\  96/ioi , 64A0,,  640/1, , 72(0o),, 
96A,,2OA0i,  I6A01, 16E,  32o2, 24*0, , 48/i/ii,  32Ao,  ,2-4  A, , 
240A, , 120(0o)i,24*o, , 16A/1, , 24(/io),,  8r0, , 8A/i, , 12/iA, , 
12/i(0o)i , 8ro, , 8*  i , 4*m , 6A(0o)i , 40(/io), , 2AA, , Eo, 

0o®0o 

80*,  240, 64/1, 240i , 16A,  20o,,  16A, 400, , 
16*,  8«i . 40o, , 4/10, , 4r.  2 mo,  , 2A0, , (0oi, 

0o®po 

120*,  400, 96/i,  440, , 24A,  40o, , 24A,  800, , 36*,  24/i, , 80o, , 
8/i0i , 16r,  8iio, . 8A0i,  40/1, , 2(0o), , 2A, . Aoi , 2E.  Aoi 

0o®  Ao 

1 76*,  640, 128/1, 6401, 32Al66o, , 32A,  1200, , 
48*. 40/i,.  1600,,  S/iO, . 2 1 r,  2()/,o, . 12A0,  ,46/1,, 
4(0o)i . 8 A i,4  Aoi . 4E.  2o,.  4Ao, , 20A, . *o, 

0o®Ao 

464*,  1920, 304/1, 2000, , 88A,  138o, , 64A,  5600,,  112*, 

120/1, , 2400,,  64/10,,  802, 64r,  40/io,,  48A0j,  320/1,,  24(0o),, 
20A,,  8A0],  4Ao,,  12E,  2o2, 8*0,,  8/1/1, , 12Ao, , 

4A, , 60Ai . 20(0o)i , 3*o, , 4A,„ , 2(/ioii , 2f0, , o(0o)i 

Table  2-3  (continued) 


product 

composition  factors 

©o®*o 

428*,  2080, 192/1,  2O80| , 72A,  128o, ,24A,  7200! , 76*,  lGOpi , 1800, , 
72p0!  ,1202, 64l\  64/101 . 56A0i , 480/1, , 4O(0o), , 48A, , 8A0, , 

8Aoi,  161],  12(7o,  12*0i,16/i/ii,24Aoi,8Ai,160Ai,40(0(7)i, 

12*0, , 8Am , 81 noli , 4r0,.4/iA, , 4«(0o), , 2roi . 2*i . A(0o), 

0o®ro 

1216*,  4960, 528ii,  5760i , 176A,  376o, , 80A,  176001 , 

184*, 488/11, 7200,.  176p0i, 3202,136^196/101,1^0!, 
1280pi,lO8(0o)i,16OAi,2OA0i,32Aoi,32£,5i72.24*0i, 
72/i/n,  64Aoi,  24Ai,  440Ai,  120(0o)i,  44*o,,  24A/I,,  36(/io), , 
40o2,  8r0i , 8A/11 , 20/iAi , 12/i(0o)i , 12roi , 8* , , 4*/i, , 
2po?,6A(0o)i,2AAi.40(«oii.(Aoli.2AAi.Eoi 

e<r®5 

4480*,  13920, 1748/1, 20960),  576A,  1 16801. 320A,  57600k 
496*,  2064/ii  ,272001 , 752/iS, , 28802, 304r,  560/io, , 336A0, , 

4320/1  1 , 46O(0o)i , 652 Ai,  136A01 , IO8A01 , 64E,  288o2, 32002, 
156*0i , 368ppi,  I6OA01, 224Ai , 1440A,,  840(0o)i,  144*oi , 128A/1,, 
2O/i02, 184(po)i,  320o2,  64r0i , 64A/1,,  24A02, 104/iAi,  96/i(0o)i, 
240Ai,  12oi02,  56ro,.  96*i , 40*/n,  20/io2, 44A(0o)i,  16AA,, 
160102, 8£0i,320(/io)i,  I6/12, 16(Ao)i,2OAAi,8/iAi,12A(0o)i, 
8Eoi,8rpi,80*i,8p(/io)i,6*Ai,6*(0o)i,4AAi,4Ao2, 

256*,  1200, 1 68/1, 10401, 52A,  8601 , 32A,  3200i , 64*, 

64/ii,  160oi,  24/i0i,4OI\  28/101, 28A0i,  2O0/ii,  1O(0o)i,12Ai, 
4Ao, , 8E.20J,  4 11/1, , 8A01 , 40A| , 2*o, , 2Am . (no). 

HoQKa 

400*,  1840,240/1, 1680b72A,136o1,48A, 5200k 
88*.  1 12/11 , 26001,36/101 , 56T,  56/ioi , 4OA0!,  360/1, , 
20(00  1, 26A,,  8A01, 12E,  802, 8,1,1,  ,18Ao,, 

1152*,  4560, 624ii,  52001, 192A,  344o, , 120A,  14800!,  220*, 
372i;i,640oi,  172/101,3202, 136T,  136poi,  112A0i,920pi, 
84(0o),,  96Ai , 24A0i , 20Ao, , 28E,  24o2, 28*0i,4O/i/i, , «Ao,. 
20Ai, 260Ai , 1O0(0o)i, 20*oi,  lCA/11, 16(/io)i,0O2,8r0i , 

1284*.  4400, 544p,  61601 ,168A,  364ok 96A,  168001 , 

168*,  512pi,  760oi,  216p0i  ,5202,  lOSt1,  182/ioi , 1OSA0|, 

1 120pi , 126(00), , 164 A j , 36A0, , 32Ao, , 242,  56o2, 40*0, , 
72iipi,56Aoi,36Ai,4O0Ai,2O0(0o)i,42*oi,24Ap1,36(po)i, 
4002, 12r0,.8Api,2O/iAi,18/i(0o)i,12roi,  10*i, 4*p, 

3360*.  10400, 1376/1, 15720, , 392A,  952o, , 264A,  39200, , 

408*,  1440/1,  ,23200. , 52Op0,,14402, 24&I’, 488/101 , 244A0,, 

2800/1, , 32O(0o)i , 476Ai , 92A01 , 96Ao, , 522,  200o2, 88*0, , 
240ppi,138Aoi,  112A,,  1OO0A|,560(0o)i,  124*ol,60A/i,,  120(/io), , 
18002, 24r0, , 44  Api , 76p  A, , 48p(0o), , 46ro, , 48*  1 , 24*p, , 

I6/102, 3OA(0o)i,lOAA,, 80,02, 220(/io)i, 8/12, 10(Ao),,14AAi, 

Ao2, 6E0,  ,4rpi,4/i(po)i,4*Ai,  3Ao9,  2f, , 20(  Ao) , , Afiio) , 
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composition  factors 

1 152*^920^  ?19^^?952^l4h  U^n^f660 ' ’ 

752A01, 12000/,,,  12O4(0o),,  1840A , , 376A0, , 296 Ac, , 120E, 
lOOOov,  14400J,  408*  01, 1 i36/,/i, , 344Ao, , 7ftA, , 38O0A,. 
2400(0(7)1, 358*o,,  384A/,, , 92/,02, 570(/,o), , 1440o2,  172r0, , 
208A/1, , 88A0j,  356/,  A,,  294/i(0o),,  1 120A,,  56o,02,  160ro, , 
388*1, 1444'pi,116po2,132A(0<r)1,72AAi, 940.(72, 24E0,, 

At®  A* 

128*,208u,  40^(71, 64u^,80f,  104/1(7!, 6OA0®^0ni, 
38(0(7), , &A, , 16A(7,,  161:, 20o2, 24/ij,, , 32Ao,  2O0A,, 
20*<7|.  8A/II . 12(/io), . 4002, 8/,  A, . 41V, . 2/io,.  2AAi,  (An), 

aaMMS*' 

16OA0, , 1440/1, , 144(0(7),,  180A , , 3GA0,,  40Ao, , 40E, 

60(72, 40*0, , 72/ipi,  72A(7, , 36A, , 440A , , 2O0(0o),  , 46*(7, , 
24A/i,.36(/«7),,  40(72, 12r0, , 8A/i,,  16/iA, , 18/i(0oV  12Po, , 
10*1 , 4*/,, , 2/io,,  8A(0o),  .0,(7,.  40(«o), . 2AA, , So, 

200( 0o), , 272A  i , 64  A6, , 54  Ao, , 32fc,  10402 , 60*0 1 , 128/,/i, , 80Ao, 
51A,,560A, ,380(0o),, 72*o, ,32Ap,,64fpo),, 80o2, 16r0,, 
24Ap,,4OpAi,32p(0o),,28ro,,2O*i,8*pi,8po2,2OA(0o)i, 
4AAi,  40,02, 120(«o),.4(Ao)i,8AAi.4Eoi.2*Ai.2Ao,,0fAoli 

5368*.  15040, 2144/1, 24880, , 576A,1476o,,  448A,  57600,, 
432/./,, , 200 Ao, , 216A,,  1520A,,  lO40(0o),,  202*o,,  96A/,, , 

2160,0), , 320o2, 36r0,,96A/i,,152pAi,82n(0o),,88ro,; 
108*,,  52*pi,44po2,6OA(0o)i,2OAAi,  260,02,  480(/io)i,24u2, 
28(Ao),,36AAi,4Ao2,  14Eoj,8r/i,,2o,02, 12u(uo)j,  14*A,, 
12Ao2,8r,,  80(  Ao) , , 4 A(po) , , 3*02, 2/, , o2, 2rA , , /i(^Ao) , 

2-3  (continued) 


product 

composition  factors 

19168*.  50640, 6888/1.  86400,, 2124A,  4640o, , 1408A,  216000 1 , 

1760«1>,  10144/11, 1248001 , 3072/10, , 169602, 928I\  2112/10, , 

1 144  A0i,  20160/1 , , 1944(00),,  3144A, , 624  A0, , 488Ao, , 176E, 

I88802. 2640  00, 648*0, , 2016/i/i, , 520Ao,,  1440A,,  64O0A,, 
4O80(0o), , 568*o,,656A/i,,  1G8/i02, 1016(po),, 2840o2, 264r0, , 
384Ap1,14OA02,672pA1,5O4u(0o)1,2160Ai,lO4oi02,272ro1, 

784*, , 272*/i, , 264/100, 232A(0o) , , 140A  A , , 2160,  o2, 36E0, , 
1920(/io)i , 192/i2,  192(Ao), , 152AA,  ,96/iAj,  82A(0o), , 52Ao2, 48£o, , 
80r/i,,  32o,o2,  1O80*,,  96/i(/io)i,84*A,,6O*(0o)1,52AA1,56Ao2, 
72r,. 240/12, 48(Ao),, 2600,02, 420(Ao)i,28A(/io)i,  36/i*,, 24*02, 
8E/i,,  24/1,02, 14r(0o)i,2OrA,,12/i(Ao)i,  12/10, o2,14A*,,12A(/io)i, 
4roo,80ri,8(*o)i,3A0ioo.4*(/io),,20iiloo,2£Ai.A(Ao)1 

50721, 18160, 2416/1,  23520k  800A,  1400o,,448A,  68800k 
784*,  1920/ik  27200,,  856/10, , 25602,472r,  588/io, , 45640,, 
4560/1,  ,448(00),,  536A, , 136A0,,  96Ao,,  962,  180o2, 32002, 
176*0,,  280/1/1, ,176Ao,,168A,,1360Ai, 640(00), ,112*o,, 
128A/1, , 24/100, 124(/io)i,  2O0o2, 72r0,,  32A/1, . 28A02, 52/iA,, 
68/i(0o),,2O0Ai,  10o,  02, 28ro,,  48*i,  24*/i,,  6/102, 20  A(0o),, 

56801,  17640,226O/i,26720k  752A,  1504ok416A,  74400k 
640*,  2544/11.34400,,  960/10,  ,36802, 376T,  712/io, , 424A0,, 
5520/1, , 58O(0o),,  796A,,  168A0, , 140Ao,,  762,  352o2,520  02, 
204*  0,,  432u/i,,  198Ao,,272A,,18O0Ai,  1000(00),,  176*o,, 
168A/1, , 36/102, 216(/io), , 480o2, 88r0, , 64A/1, , 4OA02, 120/1 A , , 
12O/i(0o),, 360A,,2Oo, 0o,  64ro,,  104*,,  40*/i,,  28/102, 48A(0o),, 
20AA, , 200,02, 12E0,,320(/io)i,  16/i2, 20(Ao),,  20AA, , 8/iAi, 
18A(0o),,2Ao2,8Eoi,8r/ii,lO0*i,8/i(/io)|,6*Ai,8*(0o)i, 
4AA, , 4Ao,,  4r, , 4(Ao)i,  00,o,,  30(Ao)i . 2A(/io), . 2ii*,,  r(0o). 

150721, 43360, 5740/1, 69280, , 1784A,  3924o, , 1 120A,  179600, , 
1560*,  7272/11, 992001, 2392/10, , 1O5602, 880r,  1880/10, , 992A0, , 
14880/1,,  15O8(0o)i,23O8Ai,448A0|,4OOAok176E,  119802, 

1440  02, 476*0,,  1344/1/1,  ,496Aolt  856A, , 4880A,,  2880(00),, 
492*o, , 440A/1,,  92/102, 678(/io),,  1680o2, 192r0, , 240A/1, , 88A02, 
428/iA, , 336/i(0o), , 1 120A,,  56o,  02, 208ro,  ,416*, , 156*/i, , 140/102. 
16OA(0o),,8OAAi,  1000,02, 24E0,,12O0(/io)k88/12,96(Ao)i, 
88AA,,  44/iAi,  48A(0o)i,  20Ao2,  32Eo,  , 40r/i,,  10o,o2,  480*k 
44ii(/io)i,38*Ai.3O*(0o)i,24AA,,28Ao2,28r,,80/i2,22(Ao)i, 
800,02, 2O0(Ao), , 12A(/io),,  14/i*i,  7*02, 4E/i, , 6/i,o2,  6r(0o)i, 
6rA,,  3/i(Ao)i,  3/10,02, 4A*,,4A(/io),,20r,,2(*o)l.*(/io)i 
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product 

composition  factors 

A o®S 

54832*,  143366, 19008/1,  241926,,  6200A,  12592o, , 3788A,  627266, , 
4712*,  30592/ij  ,322800,  ,8664 /i0, , 608062, 243#,  5408/10, , 
3184A6, , 62720/1,,  5520T6oh , 9088A, , 1 720A6,.  1296Ao, , 448E, 
587202, 1040662, 1920*0,,  fifeuu,, \312Ao,,  «12Ai,  1^26A,, 
11680(0o),,  1400*o,,  2144  A/i,,  896/102, 3176(/io),,  936002, 
8641-6,,  1446,62, 1168A/i,,5G8A02,  1904/iA,,  16OO/i(0o),,8240A,, 
544o,  02, 6521V, , 2840* , , 896*/,, , 800/io2, 628A(0o), , 92A62, 
440AA,,  7206,02, 13GEe,,5880(/,o),, 800/,2, 600(Ao,,412AA,, 
480/,A, , 308A(6o),,  88*62, 152Ao2, 1 12Eo,,  288r/i, , 566o,62, 
112o,02,  112u,62,  4160*,.  368/i(poh,  240*  A,,240*(6o)i,  216  AAi, 
164  Ao2,  312f, , 960/12, 240(Ao), , 24f 02, 8000,  o2, 1246(Ao), , 
44AA,,  128A(po), ,48uoi62,176p*i, 64*02, 48A,62,32£/ii, 

88/*  If  2, 72r(0o), , 56rA, , 860,02, 40/i(Ao),,  I6/S/12, 30Ao,  0o, 

8A/i2,8o|/i2,6il(0oV,40/i,O2,4EAi,4rA,,3A0iO2, 

isasacvwKx 

6400/1, , 696(6o), , 1&12A , , 224A0, , 1 76Ao, , 48E,  6O&2 , 

880  02, 240*0,,  672/1/,, , 176Ao,,464A,,2086Ai,  1440(6o),, 
204*o, , 224A/1, , 64/i02,  336(/io),,  886o2, 104r6, , 128A/1, , 
6OA02, 216/iA, , 18O/i(0o),,  640A, , 38o,e2, 96ro, , 224*, , 
80*/,,, 8O/102, 8OA(6o)i,4OAA,,6O0iO2,16E0i,640(/,o)i, 
48/12, 56(Ao), , 48AA, , 24/,  A, , 32A(6o), , 12Aoj,  16£o, , 
lei/,,,  6o,o2,  200*,,  24/i(uoj,,24*A,,2O*(0o)j,8AA,, 

asjKoae, 

1920/10, , 968A6, , 18720/1,  1808(00),,  3034a, , 592A6,,  464Ao, , 

248r0, , 384 A/,,,  14OA02, 692/iAl,488/,(6o)?,  2166A,  1O4o,02, 
266IV,  ,796*,,  272*,,  1,296/102, 228A(0o),,148A  A,,  2320, 02, 
36E0,,  1920(^0), ,200M,208fAo)|,  160AA,,96/.A„82A(6o  ,, 
60Ao2,48Eo,,80r/i,,40o,O2,  lO80*,,96/i(po),796*A,,6O*(0o)], 
52  A A , , 64  Ao2, 80r, , 240p2, 48(  Ao) , , 2600,02, 460(Ao), , 
28A(/io),,  36/i*i , 28*00, 8E/1, , 28/i,  o2, 14r(0o), , 24rA, , 

200,02, 16/i(Ao),,  12/10,02, 14A*. , 12A(/io),,4ro2, 2A2, 

80r, , 8(*o),,  3A01O2,  A(  Ao), , 4 *(/io), , 20n,  0,,  2EA, . A(Ao), 
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*o®S 

66040*,  159760. 21264n,  2796801 , 6816A,  14048o, , 4360A, 

6960001 ,4892*,  40528(1, , 371200,,  9840/10, , 880802,23241', 
5706/10, , 332OA0, , 82240/1, , 64O8(0o)i,  1 1816A, , 2O4OA0, , 
1520Ao,,400E,  8944o2,  1556002,2200*0,,  8736/1/1, , 1280Ao,, 
7352A, , 24320A, , 14640(0o),  ,1480*o, , 2912A/I, , 1360/102  , 
4472(/io),,  15360  02, 992r0, , 2640, 02, 1680A/1, , 736A02, 

2792/iA, , 2O64/i(0o),,  12960A, , 832o,  02, 736ro, , 4780* , , 
1352*/i, , 1448/102, 788A(0o),,  168A02, 704AA, , 13340,o2l 
16OS0,,8560(/io),,  1520/12, 1030(Ao)i,620AA,,864pA,, 
416A(0o),,  140*02, 352Ao2,  134  So,,  464r/i, , 1O40o,02,  304o,o2, 
216/1,02, 7640*, ,648/i(/io),,436*Ai,366*(0o)i,368AAi, 
296Ao2,672ri, 2160/12, 432(Ao)i,36r02, 18400,02, 2160(Ao),, 
96A  A, , 232A(/io),,  82/10, 02, 376/i* , , 164*o2, 108A , 02, 

56E/1,,  260/1,02, 128r(0o),,  136rA,,  3200,02, 108/i(Ao),,48/i/i2, 
6OAo,02, 112/10, o2, 128A*i,52*A1,96A(/io)i,  2401/12, 36ro2, 
26(0o)2,480(Ao),,32A2,880r,,  112(*o)i,28A0,O2,36A*j, 
16A(Ao)j,  10/io,O2,52*(/io)i,  16A/i2,8A,O2,8(0o),o2,24oj/i2, 
14E(0ol,, 280/1, 02, 16EA,,8rA,,  12A0JO2, 14**,,  12/i(Ao),, 
16A(  Ao),,  16/if, , 8E, , 80(*o), , 8r(/iof, , 60A2, 2Eo2l 4AI’, , 

48320*,  119360, 16416/1, 210240,,  4944 A,  111  12o, , 3456A,  504800, , 
3936*.  27776/1, , 313600,,  7328/10, , 489602, 1904f,  4984/io, , 
25OOA01, 56000/1,,  4714(0o), , 8608A, , 1552A0, , 1216Ao,  336 E, 
6OO802, 840002, 1536*01,5824/1/1,,  1152Ao,,4384A,,  17760Ai, 
10400(00), , 1392*o, , I888A/1,,  48O/i02, 2976(/io) , , 1O4O0o2, 
624r0,,  1120A/ij,368A®2,  2128/iA,  , 1288/1 (0o), , 7360A, , 296o,  02, 
712ro,  ,2768*i,  880*/i, , 1012/io2, 616A(0o), , 512AA,,  8240, 02, 
88E0,, 5680(/io), , 816 /i2, 708(Ao),, 488AA, , 352/iA, , 216A(0o  ,, 
256A02, 132Eo,,  304r/i, , 196o, 02, 4640*, , 376/i(/io), , 336*A, , 
164*(0ol,,2O8AAi,2O8Ao2,352r,,  1440/12, 176(Ao),,  12000, o2, 
1520(Ao),, 96A(/io)i,  168/1*,,  120*02, 40£/i,  148/1,02, 4OH0O  1, 
104rA,,  1200, m,76/i(Ao)|,  24/1/12, 56/10, 02, 80A*,,64A(/io)j, 
28ro2,16A2,6O0ri,5d(*oj,,2OA0,O2,8A(Ao)i,6/io,O2, 

32*(/io),,  8A/i2,  4A,O2.4(0o),O2, 12o„i2,  2O0/i,o2,  12EA, , 

12A(  Ao), , 8/ir, , 4r(/io), . 40A,,  2Eoj,  2Ar, , 2/ip , 0,,  2*(  Ao),,  (IV), 
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r<r®s 

14936po, , 8560A6j  ,237120/ii , 16800(00),.  3J608A. , 5376A0, , 
4044Ao, , 1024E,  27552o2, 453406,,  5668*^,,  25376/in,, 

3328Ao,,  21984A, , 7024^A, , 389O0(0o),,34s8*o,  ,8384Ap,, 
3812p02, 13120(/io), , 4928002,25121-0, , 8400, 0j,  4896Ap, , 
1936A0J,  8336/rA, , 544Op(0o), , 39680A, , 23O4o,02, 1960ro,, 
15584*,,  4048*/i, , 4736/ro,,  21O4A(0o), , 48OA0,,  2208AA, , 

44560, 02, 4OOE0,,25520(/ro)i,5488p2,3276(Ao),,  1832AA, , 
2832/iA,,  lO8OA(0o),, 368*  02, 1272Ao2,360Eo,,  1456r/i, , 

88r02, 68800,02, 67600\o),,352AA,,7O8A(po),,216po, 02, 
1460/1*,  ,608*02, 464A,02,  192Ep,  , 1 168/i,o2,  352r(0o),, 

488rA,,  15200, oj, 448/<(Ao), ,280pm,  164Ao,02,448p0,O2, 
512A*,,2O8*A,,352A(po),,1440,p2,168ro2,12O(0o)2, 
1760(Ao)i,192A2,3760r,,516(*o)i,136A0iO2,168A*i, 
8OA(Ao),,72poiO2,216*(po)i,8OAp2,64A,O2,6O(0o)iO2, 
128o,p2;,4OE(0o)i,  1520/i,O2, 64EA,,  40rA,,  56A0,O2, 80**,, 
64p(Ao), , 24Ap2, 80A(Ao),,  112pr, , 8Ao,os,  60S, , 560(*o),, 
52r(po),,  360A2, 16E02, 8*P2, 24  Af, , 8Ao,o2, 32A(Ao), , 36/m,  o2, 
2O*0iO2,3O*(Ao)i,24(ro)i,40(0o),O2.60Aio2,2OAiO2,12r*i, 
120o,p2,6pA2,4Ap,O2,8Ar,,  12p(*o),,4E(no)j, 

2r0,  o,,  3r(Ao), , 40,  A2. 2A(*o), . 2Ap,  o,,  2*r, , 00V), 
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19856I\  47768u*7j,296I6A0i  , 999680/1,  ,5896O(0o)i,  133108 A,, 
1872OA0,,  13928Ao,,3320E,  12556009,  i34O8009/2(k)16*0, , 

1 08160/1 p, , 10360Ao,,  1O176OA1,28O960A.,  141360(00), , 11668*0,, 
35840A/1, , 2148O/10J,  56800(/io), , 2320000,,  90801-0, , 83360, 02, 
20864A/1, , 9264A0J,  32736/iA, , 2O348/i(0oJ, , 192960A, , 128OOo,02, 
5664IV, , 81056*, , 17920% , 22032/ioj,  7136A(0o), , 33O4A0J, 
9408AA,,  223760,  o2,1488E0|,  112320(iio),,  33440/19, 14304(Ao),, 
84000, 0,,  6912AA,,  16480/iAk  4224A(0o),,2784*&2, 6320Ao2, 
1008EO,  ,«720r/i,  .206400,0,, V032o,o..,  7526/1,09, 142240*,, 

2624  AA, , 3680A(/io), , 1944/io,  02, 9696/1*, , 2960*o2, 368A0, 02, 
5168A,02,928E/i,  ,8096/i,o2,  17O4r(0o),,2112rA,,  1O560o,o2, 
296(0o),  02, 7360/1,02, 2304/i(  Ao), , 2576/i/i2,  1O96Ao,02, 

2868/10, o2, 3296A*,,1824*A,,1888A(/io)i,  18O80i/12, 912roj, 
1448(00)2, 132O0(Ao),,  156OA2,88E02,26160r,,3836(*o)i, 
848A0,o2,  14O8A*,,528A(Ao)i,216Ao,02,6OO/ioio2,  1360*(/io),, 

464A0,o2, 816**, , 728/i(Ao),,  272A/12, 448A(Ao),,  1 120/ir, , 

316(roh'  520(0o),  lifr*, , 

4OEA,.4Oro,02, 128&o, 20*o, 02, 68/.A2, 56^00)2, 

86Ap, o2,8OAA,02, 24/i0,/i2,  112Ar,,  180/i(*o),,64A(Ao),, 
40E/1O),, 32(r), 02, 6O0E,,  16rp2,44r0,O2,44r(Ao),, 720,  Aj, 
56(Ao),02,8fA2,2OA(0o)2,14/,A,o2,14/i(0o),O2,8A6,p2, 

24/ioipj, 44A(*o),  32*(Ao),,40A/i,O2. 40*r, , 16A,/ij, 2O0A,oj, 
12E*,, 4o,A2,280(ro)i,  16*109, 12(0o),/i2,4o,(0o)2;8/.E,, 
8Ao,u2,8*/iio2,  12A(*o),,  4AA2,400,  A2i  2E(Ao),,4r(Ao),, 

. 4(/io)2]4rr,,2£0,O2, 2*(*o)i.2/iAi02,2A£,,2/i(ro)i,5, 

CHAPTER  3 


INFINITESIMAL  SUBGROUP  SCHEMES 

§3.1.  Lvndon-Hochschild-Serre  Spectral  Sequence 

We  use  the  notation  established  in  the  introduction,  denoting  by  G and  G the 
simply  connected  groups  of  type  B4  and  C4  respectively.  When  considering  the 
simply  connected  group  of  type  A4  alone,  denote  it  also  by  G.  Denote  by  G\  (reap. 
Gj,  resp.  D\,  etc.)  the  first  Frobenius  kernel  of  the  algebraic  group  G (resp.  G, 
resp.  D,  etc.).  For  the  algebraic  groups  of  type  B4  and  C4,  denote  by  G„  and  G, 
the  kernels  of  the  maps  a:G  ->G  and  r : G — G defined  as  follows  (21,  22): 
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We  now  compute  the  modules  Ext^  (L,  A/)  (resp.  ExtJj^A,  A/))  for  each  pair  of 
restricted  simple  modules  for  the  simply  connected  algebraic  groups  of  types  >44 
(resp.  D4),  and  then  proceed  to  compute  the  G-  and  G-  modules  ExtJj^Z,  M)  and 
ExtL  (L,M)  for  the  simply  connected  algebraic  groups  of  types  B4  and  C4.  The 
interpretation  of  G\  :=  Ker(F)  (F  being  the  FVobenius  morphism)  as  an  infinitesimal 
normal  subgroup  with  G = GjG\  was  developed  by  Demazure  and  Gabriel  [8]  as  part 
of  the  foundations  of  the  subject  of  algebraic  groups.  The  Lyndon-  Hochschild-  Serre 
spectral  sequence  for  the  pair  (G,Gi)  (similarly  for  (D,  D\))  is 

Extjj(£-(^).  Extj;, (i(A°),  £</40))<a_‘>  ® £(p))  =»(  ExtjtJ'(£(A),£(p)), 

where  we  write  A = A0  + 2A  with  A°,Ae  Afi(T)  (and  similarly  for  p.)  The  resulting 
5-term  exact  sequence  is 

0 - ExtJ;(L(A),  Home,  (£(A°),  I(p°))P",)  ® £(p))  ExtJ,(I(A),  L (p)) 

- Homc(t(A),  ExtJ;, (Z,(A°),  i(p°))<a_‘>  0 £(p)) 

- Ext^(£(S),  HomCl(£(A°),  /.(p0))*3'1'  ® £(p))  - Ext&(£(A),  £(p)). 

Later,  we  shall  use  the  5-term  sequence  that  results  from  the  Lyndon-Hochschild- 
Serre  spectral  sequence  for  the  pair  (G,Gc): 

0 - Ext^(£(A),  Homc.(£(At),  £(p°))<'_,>  ®L(p))  Extfc(£(A),  £(p)) 

- Hom6(£(i),Extk(£(A^£(p0))<<’'1>  ® Hi,)) 

- E*‘|(i(^).Homc,(I(A°),£(p°))(''I)®L(p))  Ext&(£(A),£(p)). 


37 

We  will  also  use  the  5- term  sequence  for  the  pair  (Gi,G<r)  to  calculate  the  modules 
Ext^(Z,(A),I(p))  for  2-restricted  A,p: 

0 Ext^(l(J),Homc,(Z,(A0),I(p°))('’-')  ® 1 («)W  Extfc,(i(A), £(#,)) 

- Hon^W^Ext^^IO.0))^'1)  ® I(p))W 
- Ext£_  (1(A),  Home,  (f,(A°),  L(/i“))<',',>  ® l(p))W  Ext^(L(A),i(p)). 
Similarly,  we  can  write  down  5-term  sequences  for  the  pairs  (G,Gr)  and  (C,,Cr). 
(Sequences  of  this  type  were  used  by  Donkin  [9]  to  obtain  some  results  about  algebraic 
group  cohomology.)  It  is  known  that  Ext^?i  (£(A°),  £(A0))  = 0 for  restricted  weights 
A®.  If  A®  ^ p®,  we  have  from  the  5-term  sequence  that 

ExtJ.(£(A),£(p))  a HomG(i(A),ExtJ.1(i(A®),£(p®))P“)  ® £(p)). 

We  shall  use  this  isomorphism  together  with  information  obtained  from  Weyl  mod- 
ules about  Extj>(£(A ),L(p))  for  various  choices  of  A,p,  to  deduce  the  structure 
of  the  modules  ExtJj^ifA®),!^®)).  The  strategy  is  to  first  test  whether  certain 
modules  appear  in  the  socle  of  Ext ^ (£(A°),  i(/i®))<2_* ) by  tensoring  with  var- 
ious modules  of  the  form  £(p),  and  using  the  above  isomorphism  to  determine 
which  modules  might  appear  in  the  socle  of  the  resulting  tensor  product.  Once 
the  socle  of  Ex^MA®),/,^®))^')  is  determined,  we  deduce  whether  various 
modules  L appear  in  the  next  socle  layer  by  tensoring  with  modules  of  the  form 
£(p)  for  choices  of  p with  the  property  that  there  are  modules  in  the  socle  of 
L ® £(p)  that  have  no  non-split  extensions  by  M for  all  composition  factors  of 
L(fi)  ®soc(Ext^i(£(A®),Z,(p®))(7-')).  The  search  for  composition  factors  of 


ExtJ,,(£(A»),i(p°)) 
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LEMMA  3.1.1.  Let  A°,/i°  € Xi (T).  If  L(X)  appears  as  a com 
EztlGi(HX%L(p°)p-'),  then  £(A°  + 2A)  must  appear  as  a composition  factor  of 
Up)  ® L(p  — p0)’,  where  p is  the  halfsum  of  the  positive  roots. 

Proof:  Since  £(/>)  is  injective  for  G\,  then  so  is  L(p)  ® L(p  - /»0)*,  and  the  multi- 
plicity of  <J(/i°)  as  a direct  summand  is  diml(HomCl  (£(/i°),  L(p)  ® L(p  - p0)’))  = 
diml(HomCl(L(p0)®  U.P  - P°),L(p)))  = 1.  Thus, 

E*C, WA  HP0))  2 Home, (£(A°),  | L(p)  ® L(p  - pa)’\feoc[Hp)  ® L(p  - /s0)*]). 
Now,  for  any  A e Xi(T)  and  any  G-module  A/,  the  evaluation  map 


Home,  (1(A),  Af)  ® L(A)  M 

is  injective,  since  any  simple  submodule  of  the  tensor  product  must  be  of  the  form 
L(2A)®£(A)  where  L(2X)  is  a simple  submodule  of  Home, (L( A),  M),  and  thus  could 


Hornet L(2A)  ® LW,  i 1 ® i(A))  as  [(i(2i)  ® i(A))*  ® L,  ® £(A)]G 


as  {((£(2X)®£(A))*®£1®I(A)]g‘}g/g'  SS  {(£(2X))*®£, ®(£(A)* ®£(A))G| }G/Gl 
as  {(£(2A))*  ® I,  ® i)G/°'  a Homc(L(2A),  £,) 

for  any  A, A € Afj (T)  and  any  G-module  L.  Therefore,  for  each  composition  factor 
L(2X)  of  ExtJji(L(A°),£0 <0)),  we  must  have  a corresponding  composition  factor 
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£(2A)  ® £{A0)  of  I Up)  ® L(p  - /x°)*I/»oc(£,(p)  ® L(p  - /I0)*],  and  thus  of  [L(p)  ® 

L(p -,,*)•]. 

In  order  to  proceed  with  the  strategy  of  searching  for  composition  factors  of 
Extk  (£(A°),  L(p°))  by  tensoring  with  other  modules,  it  is  necessary  to  compute  the 
socles  of  certain  tensor  products  of  simple  restricted  modules.  We  also  need  this 
information  for  the  final  computation  of  ExtJ,(£(A),  L(p)).  In  the  next  lemma,  we 
show  that  HomG1(£(A#),£(^°)®£(/i11))  is  G-trivial  in  many  cases  if  and  p 0 

are  2-restricted.  This  will  simplify  immensely  the  final  computation  of  the  Ext^s. 
LEMMA  3.1.2.  Let  ffl  € X\(T)  be  a restricted  weight  with  the  property  that 


</»V> 


min  (2w,  p). 
w€A,(r)\(0)' 


Let  A°,/i°  € ATi(T).  Then 


tfomc.WA0),^)®^0)) 


PROOF:  By  taking  duals  if  necessary,  assume  that  (p°,p)  < {A0,p).  Let  L(26)  be  a 
nontrivial  composition  factor  of  Homo,  (L(A°),  ® L(p0)).  Since  the  evaluation 

Home,  (£(A°),  L(ft°)  ® Up0))  ® £(A°)  L(ffl)  ® L(p°), 
is  injective,  L(A°)  ® L(2S)  must  be  a composition  factor  of  L(0°)  ® Up0).  Then  we 
have  {A®  + 26,  p)  < + p°,p),  a contradiction. 

Next,  we  compute  the  Gi -socles  of  those  tensor  products  of  restricted  simple 
modules  that  are  needed  in  our  ext  computations.  Because  of  the  limited  number 
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of  isomorphism  types  of  simple  modules  which  appear  as  composition  factors  of  the 
ExtJ^s  (resp.,  ExtJ^s,  ExtJj^s,  ExtJj  s.)  it  turns  out  that  we  are  always  able  to  apply 
Lemma  3.1.2.  In  particular,  we  may  apply  the  lemma  when  = Ai  or  A2  for  A 4 
and  when  0°  = £]  or  i2  for  D4.  Therefore,  in  the  next  two  sections  we  will  use  the 
lemma  freely  without  constantly  referring  to  it  by  number. 

In  this  chapter  and  the  next  we  occasionally  quote  some  results  computed  by  Sin 
[20]  about  various  quantities  of  the  form  ExtJj  (L,  A/).  In  Sin’s  work  [20,  Lemmas 
4.5,  4.6  and  4.9],  these  quantities  are  actually  computed  for  a quotient  Dj  of  D\  by 
a subgroup  scheme  of  multiplicative  type,  but  H'(D\ , •)  3!  H ‘(61 , ■)  (cf.  Steinberg 
121]-) 

§3.2.  Socles  of  Tensor  Products  for  4s 

the  tensor  products  of  either  L( Aj)  or  /.(A'2)  with  the  other  restricted  simple  mod- 
ules. Using  the  fact  that  there  are  15  non-trivial  restricted  simple  modules,  and 
exploiting  symmetry  (e.g.  we  do  not  have  to  compute  Socc,(L{\i)  ® L(A]))  or 
S°C<J,(L(A2)  ® L(A4)1  over  again),  we  now  list  15  + 13  = 28  such  computations.  For 
notational  convenience  we  adopt  the  following  convention  for  displaying  filtrations 
of  a module.  The  subquotients  will  be  listed  from  top  to  bottom,  seperated  by  the 
symbol  “//”. 

i)SOc0l(L(\,)<aHXl))°‘L(\i). 

By  Table  2-2,  the  only  simple  restricted  (7-module  types  that  appear  as  G - compo- 
sition factors  is  L( A2).  We  have 


HomcWAjl.HA!)®!^,))*;*, 
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by  considering  a good  filtration  of 

I(Ai)  ® £( Ai)  as  ® tf°(A,)  a //0(2Ai)//tf°(Aj). 

b)  SoccMA,)  ® £(A4))  a A ® i(A,  +A4). 

By  Table  2-2,  the  only  simple  restricted  module  types  that  appear  as  G-  composition 
factors  are  A and  L(Al  + A4).  We  have 

Homc(A,£(A,)  ® L( A,))  a Homc(£(A,),  £(A ,))  a A, 

by  Schur's  lemma,  and 


Homc(£(Ai  + A,),  £(Ai)  ® I(A<))  a A, 

by  Table  2-2,  and  the  fact  that  £(Aj  + A|)  is  in  a different  linkage  class  than  A. 

c)  SocCl(£(A,) ® £(Aj))  a £(A3)  ® £(A,  + Aj). 

This  is  immediate  from  Table  2-2  as  we  have 

E*tGWAj).£(A,  + Aa))ao, 

(as  A3  and  A[  + Aj  lie  in  different  linkage  classes.) 

d)  Soco^ICA,)  ® £(Aj))  a L(A(). 

The  only  simple  restricted  module  types  that  appear  as  G-  composition  factors 
£(A4),£(A,  + As).  We  have 


Homo(£(Ai  + A3),  £(Ai)  ® £(A3))  a HomG(£(A2),  £(A,)  ® £(A2  + A4))  a 0, 


by  Table  2-2, 


Homo(£(A4),i(A,)®I(Aj))afi, 

by  considering  a good  filtration  of  L(A,)  ® £(A3)  3 W°(A,)  ® tf°(A3)  3 H°( Aj  + 

A3)//i/°(A4). 

e)  Socc,(i(A,)  ® I(A,  + A,))  3 I(A,). 

By  Table  2-2,  the  only  simple  restricted  module  types  that  appear  as  G-  composition 
factors  are  £(A,)  and  £(Aj  + A4).  We  have 

Homc(£(Ai),£(A,)®  £(A,  + A*)) 

3 Honi(j(£(Aj  + A4), £(A,)  ® L{\<))  « k, 

by  3.2(b)  above,  and 

Homc(£(A3  + A„),£(Ai)  ® /,(Aj  + A*)) 

3 HomcJifA,  + A«),  £(A0  ® £(Ai  + As))  3 0, 

by  Table  2-2. 

f)  Socq, (£(Ai)  ® £(Aj  + A*))  3 £(A3  + A4)  ® £(A,  + A,  + A«). 

ExtJ;(£(A3  + A<),  £(A[  + Aj  + A*))  3 0, 

(as  A3  + A^  and  Aj  + A2  + A4  lie  in  different  linkage  classes.) 
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g)  Soc c,  (L(A,)  ® £(Aj  + A,))  a I(Aj  + A3). 

The  only  simple  restricted  G-module  types  that  appear  as  G-  composition 
are  k and  L( Aj  + Aj).  We  have 

Hom<j(A,  t(A,)  ® £(A,  + A3))a  Hom<;(£(As),  I(A,  + Aj))  a 0, 
by  Schur’s  lemma,  and 

Homc(£(A2  + A,).  L(X, ) ® I(A,  + Aj»  a A, 
by  considering  a good  filtration  and  decomposition  into  linkage  classes  of 
/f°(A,)  ® //°(A,  + Aj)  a £(A,)  ® £(A4)//£(A,)  ® £(A,  + Aj) 
a H<>( A,  + As)  ® {W0(2A,  + Aj)//fl«(Aj  + As)}, 

and  by  observing  that 

Homc(£(A2  + Aj),  £<A, ) ® /.(A,))  a 0, 

by  Table  2-2. 

h)  Socc.WAOsitAj  + A^a^Aj). 

The  only  simple  restricted  G-module  types  that  appear  as  G-  composition 
are  £(Aj)  and  £(A,  + Aj  + A4).  We  have 


Homc(£(Ai  + Aj  + A4),  £(Ai)  ® £(Aj  + A4)) 


~ Homc(£(Ai  + Aj),  £(Ai)  ® £(Ai  + Aj  + A4))  a 0, 


by  Table  2-2,  and 

Homo(£(As),  £(Ai)  ® £(A3  + A<))  “ Homc(£(Ai  + Aj),  L( Ai)  ® £(Aj))  a k, 
by  3.2(c)  above. 

i)  Soc0l(£(A,) ® £(A,  + Aj))  a L(A,  + As). 

By  Table  2-2,  the  simple  restricted  module  types  that  appear  as  G-  composition 
factors  are  L(\t)  and  £(A,  + A3).  We  have 

Homc(£(A4),  £(Ai)  ® L(Ai  + Aj))  a Hom<;(£(A3  + A4),  £(A])  0 £(Ai))  a 0 

by  Table  2-2,  and 

HomcWA,  + A,),  £(A,)  ® £(A,  + Aj)) 

3f  Homc(£(As  + X*),  £(Ai)  ® L( Aj  + A4))  a k 

by  3.2(f)  above. 

j)  Soco^fA!)  ® £(A2  + Aj))  a £(Aj  + A4)  © £(Ai  + Aj  + A3). 

The  simple  restricted  module  types  that  appear  as  G-  composition  factors  are  £(Aj  + 
A4)  and  £(A]  + Aj  + A3).  We  have 

Homc(£(Aj  + A4),  £(A,)  ® £(Aj  + A3)) 


3 Homc(£(Aj  + A3),  £(A, ) ® £(A,  + A3))  a i, 


by  3.2(g)  above, 


Homc(£,(A,  + Aj  + Aj),  L(A,)  ® £(Aj  + A3))  a k, 

by  Tabic  2-2,  and  the  fact  that  Z,(Ai  + Aj  + A3)  lies  in  a different  linkage  class  than 
the  other  composition  factors  of  i(Ai)  ® £(Aj  + A3). 

k)  SocGl(£(A,)  ® £(A,  + Aj  + A4))  a £(A|  + Aj  + A4). 

The  simple  restricted  module  types  that  appear  as  G-  composition  factors  are  £(A3) 
and  £(A,  + A3  + A4).  We  have 

Homc(£(A3),  £(Ai ) ® £(A[  + Aj  + As)) 
a Homc(£(A,  + A3  + X»), i(A3)  ® £(A2))  a 0, 
by  Table  2-2,  and  so,  we  must  have 


0 * Homc(£(A,  + A3  + A4),  £(Aj)  ® £(Ai  + Aj  + As)), 


=5  Homc(V(Ai  + A3  + X*),  //°( A, ) ® //°(Al  + A2  + As))  a t, 
by  considering  a good  filtration  of 


® tf°( A,  + Aj  + As))  a fl®(2Aj  + Aj  + As)//fl°(2A2  + A4)////°(A1  + As  + 
As)//tf°(A,  + A2). 

1)  SocCl(£(Ai)  ® L(A,  + A3  + A<))  a £(A,  +A3)®  £(Aj  + A3  + A4). 

The  simple  restricted  module  types  that  appear  as  G-  composition  factors  are  £(Aj  + 
A3)  and  £(A2  + A3  + A4).  We  have 


Hom<;(£(Ai  + A3),£(A,)®  £(A,  + Aj  + As)) 


a Homc(I(Ai  + As  + A4),  /.(Aj)  ® L(\%  + A4))  a k, 


by  3.2(g),  and 


Hom(j(L(A2  + A3  + A4),£(Ai)  ® X>(A|  + A3  + A4))  a fc, 

H°(A1)aH0(Al  + >3+A4)3i(A1)®L(A3)//i(A,)®i(2A4)//£(A,)®£(A1  + A3+A4) 

a {tf°(A,  + 2A4)////0(Ai  + A3)}  ® {tf°(2Ai  + A3  + A4)//H°(A2  + As  + A4)>, 
and  by  observing  that 

Homo((£(A2  + As  + A4),Z.(A,)  ® £(A3»  a 0, 


by  Table  2-2. 


m)  Soc(3,(£(Ai)  ® £-( A 1 + As  + A3))  a £(A|  + As  + A4). 

The  simple  restricted  module  types  that  appear  as  G-  composition  factors  are  /.(A2) 
and  £(A|  + As  + A4).  We  have 


Homc(£(As),  /.(Ai)  ® /,(Ai  4A2  + A3)) 


a Homc(£(A2  + A3  + A4),  £(A,)  ® £(A3))  a 0, 

Homc(£(A3),£(Ai)®£(Ai  +A2  + A3)) 
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S'  Homc(L(X2  + Aa  + As),£(A,)  ® L(Aj))  a 0, 

Homc(L(Ai  + Aj  + A4),  I(Ai)  ® L(Ai  + Aj  + Aj)) 
a Homc(£(Aj  + As  + As), I(A,) ® £(A,  + Aj  + A3))  a k, 
by  3.2(1)  above. 

n)  Socc.WAj)  ® i(Aj  + A,  + As))  a £(Aj  + Aj)  ® Up). 

The  simple  restricted  module  types  that  appear  as  G-  composition  factors 
£(Aj  + A3)  and  L{p).  We  have 

Homc(i,  h(Ai)  ® £(Aj  + A3  + As))  a 0, 
by  Schur's  lemma.  Also,  we  have 

Homc(£(Aj  + A3),  £(  Aj)  ® L(Aj  + A3  + As)) 

a Homc(i(A,  + Aj  + A3),  I(A,)  ® L( Aj  + A3))  a k, 
by  3.20)  above.  Finally, 


by  Table  2-2,  and  the  fact  that  L(p) 
°)  Socg,(£(A|)  ® Up))  a £(Ai 


Hom^^Lfp),  £(Aj)  ® i(Aj  + A3  + As))  a k, 
for  G\. 


Horn c(£(  A £(A,)  ® Up))  a Horn c(£(p),  £(A,)  ® £(v0)*)  a 0, 
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for  all  restricted  weights  i/°  except  u11  = Ai  + A2  + A3  by  Table  2-2,  and 

Homc(£(ri,  i(Ai)  ® £(Ai  + Aj  + A,)*)  a k 

by  3.2(n)  above. 

P)  Soco,(£(Aj)  ® £(A2))  a L(A4)  ffi  I(A[  + As). 

The  only  simple  restricted  module  types  that  appear  as  G-  composition 
£(A4)andI(A,  + A,).  We  have 

Homc(£(A4),£(A2)®£(A2)) 

aHomG(£(A3),£(A2)®£(A,))a*, 

by  3.2(c)  above.  Also, 


Homc(£(Ai  + Aj),  £(A2)  ® £(A2))  a *, 

by  Table  2-2,  and  by  considering  a filtration  by  Weyl  modules: 

£(A2)  ® £(A2)  a V(Aj)  ® V(A2)  a V(A4)//V'(A,  + A,)//V(2Aj) 

together  with  the  structures  of  7(A]  + A3)  and  V(2A2)  obtained  by  using 
sum  formula,  (cf.  Table  1-2) 

q)  SocCl(£(A2)  ® £(Aj))  at®  £(Ai  + A4). 

The  simple  restricted  module  types  that  appear  as  G-  composition  factors 
£(A,  + A*),  and  £(Aj  + Aj).  We  have 


Homc(A,  £(A2)  ® i( A3))  a Hom<;(£(A2),  £( \j))  a i, 


».  Also, 


Homc(£(Aj  + A3),£( A2)  ® £(Aj))  a 0, 
by  considering  a filtration  by  Weyl  modules  of 
I(Aj)  ® £(AS)  a V(A2)  ® V(Aj)  9!  k//V( A,  + A,)//V(A2  + A3). 


Finally, 

Homc(£(A,  + A4),£(A2)  ® £(AS)  a i, 

by  Table  2-2  and  the  fact  that  L(X\  + A4)  lies  in  a different  linkage  class  than  the 
other  composition  factors  of  £(A2)  ® £(A3). 

r)  SocCl(£(A2)  ® £(A,  + X,))  a £(A2)  ® £(A3  + A4). 

The  simple  restricted  G-module  types  that  appear  as  G-  composition  factors  are 
+ A()  and  £(Aj  + A2  + A4).  We  have 

Homc(L(A2),£(A2)®£(A,  + A4)) 

a HomcMA,  + A4),  £(A2)  ® £(A3))  a k, 

by  3.2(q)  above. 

Homc(£(A3  + A4),  £(A2)  ® £(A,  + A4)  a i, 

by  Table  2-2,  and  the  fact  that  £(A3  + A4)  lies  in  a different  linkage  class  than  the 
other  composition  factors  of  £(A2)  ® L( At  + A4).  Finally, 


Homc(£(Ai  + h + A4),  £(A2)  ® £(Ai  + A4))  a 0, 


by  considering  a filtration  by  Weyl  modules  of 


L(Xj)  ® £(A,  + A<)S>  V(A2)  ® V(Ai  + A<)  St  V(\2)//V(2\l)//V(X3  + A4)//V’(Ai  + 
A2  + A<), 

and  the  structure  of  V(A,  + A2  + A,). 

s)  Soco,(H\t)  ® L( Aj  + A4))  S!  £(Aj)  ® £(A,  + Aj  + A4). 

The  simple  restricted  module  types  that  appear  as  G-  composition  factors  are  L( As) 
and  £(Aj  + Aj  + A<).  We  have 

Homc(£(Aj),£(A2)®£(As  + A4)) 

S!  Homc(£(Ai  + Aj),£(A2)  ® £(A2))  S!  t, 
by  3.2(p)  above.  We  show  that 


Homc(£(Ai  + Aj  + A4),  £(A2)  ® £(A2  + A4)  = k, 

by  considering  a filtration  by  Weyl  modules 

V'(A2)  ® V(A2  + A*)  3S  £(A2)  ® £(A2  + Ai)//£(A2)  ® £(At) 

S V(Aj)//V(2A4)//K(A,  + A2)//V(A,  + Aj  + Au,)//V(2A2  + A4). 

Using  the  structure  of  V(2A2  + A,)  obtained  from  Jantzen’s  sum  formula,  and  the 


Homo(£(Ai  + Aj  + A4),  £(A2)  ® £(Aj))  SS  0, 


(from  Table  2-2)  we  obtain 


Homc(i(Ai  + A3  + X4),  £(Aj)  g L( Aj  + A4)  ^ 0. 

Hom^(£(Ai  + Aj  + A4),  £(Aj)  g £(Aj  + A<)) 

~ Homo(V(Ai  +Aj  + A4),  f/°(A2)  g fl°(Aj  + A<))  3 k. 
t)  SocCl(£(A2)  g £(A,  + AS))  a £(Aj  + A4)  ® £(A,  + Aj  + A,). 

The  simple  restricted  module  types  that  appear  as  G-  composition  factors  are  £(Ar), 
£(A2  + A4)  and  L(\\  + A2  + A3).  We  have 

Homo(£(A,),I(A2)g£(A,+A,)) 

3 Homc(£(A2  + A4),  H Aj)  g £(A<))  3 0, 

by  3.2(d)  above,  and 


Homc(£(Ai  +A2  + A3),  £(A2)  g £(Ai  + Aj))  3 *, 

by  Table  2-2,  and  the  fact  that  £(A|  + Aa  + A3)  lies  in  a different  linkage  class  tha 
the  other  composition  factors  of  £(A2)  g £(Ai  + A3). 

Finally,  we  will  show  that 


Homo(£(A2  + A4),  £(Aa)  g £(Ai  + A3))  3 k. 


Homc(I(As  + A4),  L( Aj)  ® i( A,  + A3))  # 0, 


by  observing  that  Homo(t(»),  £(Aj)  ® £(A,  + Aj))  fit  0,  for  all  composition  factors 
£(v)  in  the  same  linkage  class  as  £(A2+A4).  However,  by  considering  a good  filtration 

of 

ff°(Aj)  ® fl°(A,  + As)  S'  tf#( Aj  + Aj  + A,)//tf°(2A,  + A4)//W0{2A3)//H0(A2  + 

AO//fl°(Ai). 


Homc(£(Aj  + A,),  £(Aj)  ® £(A,  + A,)) 

2 Homo(V(Aj  + A4),  /f°(Aj)  ® //°(A,  + A3))  S!  t. 
u)  Socq,(£(Aj)  ® £(A3  + A4))  a £(A4)  © £(Aj  + Aj  + A4). 

The  simple  restricted  module  types  that  appear  as  G-  composition  factors  are  £(A4), 
£(Ai  + A*)  and  L( Aj  + Aj  + A4).  We  have 

HomG(£(A4),  £(Aj)  ® £(Aj  + A4)) 
a Homc(£(A,  + Aj),  L(  Aj)  ® £(A,))  * i. 

by  3.2(c)  above,  and 

Hom<j(£(Ai  + A3),  I(A  j)  ® £(A3  + A4)) 


a Homc(£(Ai  + A2),  £(Aj)  ® £(Aj  + A4))  a 0, 


by  Table  2-2.  We  also  I 


Home(t(A2  + Aj  + A4),  L(X^)  ® i(Aj  + As))  Sf  k, 

by  Table  2-2,  and  the  fact  that  L( A2  + A3  + A4)  lies  in  a different  linkage  class  than 
the  other  composition  factors  of  Z,( A2)  ® £( A3  + A4). 

»)  Socc1(I(A2)  ® L( Ai  + A2))  S'  £(A2  + A3)  ® L{X\  + As). 

The  simple  restricted  module  types  that  appear  as  G - composition  factors  are  A, 
£(Aj  + A3)  and  Z.(A,  + A4).  We  have 

Homc(t,  £(A2)  ® £(A,  + A2»  S'  0, 

by  Schur’s  lemma  We  also  have 

Homc(£(Ai  + A|),  £(A2)  ® £(Ai  + A2))  S'  k, 

by  Table  2-2,  and  the  fact  that  £(A,  + As)  lies  in  a different  linkage  class  than  the 
other  composition  factors  of  £(A2>  ® £(Ai  + A2). 

Finally, 

Homc(Z(A,  + As),  L(  Aj)  ® £(A,  + A2)) 2f  i, 


«°(A2)®H0(A,+A2)  — £(A2)0£(A1+A2)  S'  (ff0(Ai+2A2)////°(2Ai+A,)////0(A2+ 
Aj)}  © ff°(A,  + Ag). 


w)  Socq1(£(Aj)  ® L( As  + A3))  a L( A3  + A4)  © /.(A]  + A2  + A4). 

The  simple  restricted  module  types  that  appear  as  G-  composition  factors  are  £( Aj), 
A3  + A4),  and  L(X\  + A2  + A4).  We  have 

Homc(Z,(A2),i(A2)®L(A2  + A,)) 

a Homc(I(A2  + Aj),  £(A2)  ® I(Aj))  a 0, 

by  3.2(q)  above.  We  also  have 

Homo(£(As  + A4),  i(A2)«  £(A2  + A3))  a k, 

by  Table  2-2,  and  the  fact  that  L( A3  + A4)  lies  in  a different  linkage  class  than  the 
other  composition  factors  of  £(As)  ® L( A2  + A3).  Finally,  we  claim  that 

HomcfLfA)  + A2  + A4),  £(A2)  ® £(Aa  + A3))  a k. 

To  show  this,  we  consider  a filtration  by  Weyl  modules  of 

V(h)  ® V(Xi  + As)  a £(A  2)  ® H A2  + A3)//£(Aj) 

a V(A2)//V(A3  + XA)//V{Xi  + Aj  + A4)//V(A,  + 2A3)//V(2As  + A,). 

Using  the  structure  of  V(2A2  + A3)  obtained  from  Jantzen’s  sum  formula,  and  the 


Homc(£(Ai  + A2  + A4),  £(As))  a 0, 


(by  Schur’s  lemma)  we  obtain 


Homc;(£(Ai  + A2  + As),  £(  A2)  ® £(Aj  + A3)  0. 

Hom^;(£(Ai  + A2  + As),  Z(A2)  ® X(  A2  + As)) 

2 Homc(V'(A,  + A2  + As),  fl°(A2)  ® H°(X2  + A,))  a i. 
x)  SocGl(£(A2)  ® £(A,  + Aj  + As))  a £(A,  + A3)  ® I(Aj  + As  + A4). 

The  simple  restricted  module  types  that  appear  as  G-  composition  factors  are  £(A4), 
£(Ai  + As)  and  £(A2  + As  + As).  We  have 

Homc,(£(As),  £(A2)  ® £(Aj  + A2  + As)) 
a HomCl(£(A,  + Aj  + As),£(A2)  ® £(A,))  a 0, 


by  Table  : 


2.  We  also  have 


Honi£(£(Ai  + As),  £(  A2)  ® £(A]  + A2  + As)) 

a Homc(L(Ai  + Aj  + As),  £(A2)  ® L(X\  + As))  3!  0, 
by  3.2(r).  Finally,  we  see  that 


Homc(£(A2  + A3  + A4),  £(A2)  ® £(Ai  + A2  + As)),  a A, 
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by  considering  a good  filtration  and  decomposition  into  linkage  classes  of 

//^A2)®//0(A,+A2+A4)a!£(A2)®£(A2)//£(A2)®£(2Ai)//£{A2)®£(A,+A2+A4) 

* <»°(Al  + 2Aj  + A4)//ff°(2A,  + Aj  + A,)//»°(A2  + Aj  + At)} 
®{tf»(2A,  + A2)////°(A,  + 2A4)//H°(2A2)//ff“(A1  + Aj)}, 


Homc((£(A2  + Aj  + A,),  £(Aj)  ® £(A2))  £■  0, 


by  Table  2-2. 

y)  Socc,(£(A2)  ® £(A,  + Aj  + A4))  S £(A2  + A3)  ® L(p). 

The  simple  restricted  module  types  that  appear  as  G-  composition  factors  are  k, 
£(A2  + A3)  and  L(p).  We  have 


Home,  (k,  £( A2)  ® £(A[  + A3  + A4))  S 0, 


by  Schur's  lemma.  We  also  hi 


Hom<;(£( A2  + A3),  £(A2)  ® £(A[  + A3  + Ag)) 


- HomG(L(Ai  + A2  + A4),  £(A2)  ® £(A2  + A3))  £S  k, 


by  3.2(w)  above.  Finally, 


Hom a, {Up),  1(h)  ® i(Ai  + h + h))  - k. 


by  Table  2-2,  and  the  fact  that  L(p)  is  injective  for  G|. 

a)  Sqcg^UXi)  ® L( Aj  + A2  + A3))  — L(X\  + A2)  © £(Aj  + A3  + A^). 

The  simple  restricted  module  types  that  appear  as  G-  composition  factors  are  £(As), 
£(A,  + A2)  and  L(\\  + A3  -f  A4).  We  have 

Homc(£(A3),  £(Aj)  ® I(Ai  + Aj  + A3) 

Sf  HomG(£(A2  + As  + A4),  £(A2)  ® £(Aj))  S£  0, 

by  Table  2-2,  and 


Homc(£(Ai  + A2),  £(A2)  ® £(Aj  + A2  + A3) 

at  Homc(£( A2  + A3  + A4),L(A2)  ® £(Aj  + A4)) a k, 
by  3.2(u)  above,  and 


Homc(£(Ai  + A3  + A4),L(A2)  ® £(A[  + A2  + A3) 

S!  Homc(£(A2  + A3  + A4),£(A2)  ® (£(Ai  + Aa  + A4))  Sf  k, 

by  3.2(x)  above. 

aa)  SocCl(£(A3)  ®£(A2  + A,  + A4))  a L( Aj  + A,)®  L(X,  + Xt  + A3). 

The  simple  restricted  module  types  that  appear  as  G-  composition  factors  arc  £(Ai), 
£(A2  + A,)  and  I(A,  + Aj  + A3).  We  have 


Homc(I(Ai),  £(A2)  ® £{A2  + A3  + A4)) 


— Homc(i(Ai  + A2  + A3),  L(A2)  ® i(A<))  Sr  0, 


by  Table  2-2,  and 

Hornet  L(A2  + A4),  £(A2)  ® £(A2  + A3  + A4)) 

S HomcflfA!  + A2  + A3),  £(A2)  ® £(Aj  + A3))  Sr  k, 

by  3.2(t)  above. 

Finally,  we  show 

H°mc(£(Ai  + A2  + Aj),£(A2)  ® £(A2  + A3  + A«)),sr  A, 

H°(A2)  ® tf«(Aj  + A3  + A.)  sr  £(Aj)  ® £(Aj  + As  + A,) 

sr  {//°(2A2  + Aj  + A4)////°(A,  + 2A3  + U)//H°(M  + Aj  + 2A4)//ff°(A,  + Aj  + A3)) 
e{ff°(Aj  + 2A4)////°(2A3)//tf°(A2  + A^)}. 

bb)  Socc.WAj)  ® Up))  a £(A,  + a2  + A,). 

We  have 

Homctifu0),  £(A2)  ® I(p))  S'  Homc( £(/>),  £(Aj)  ® I(k°)*)  ST  0, 
for  all  restricted  weights  exce 


ept  possibly  v°  = Ai  + A2  + X4  by  Table  2-2,  but 


Homc(I(/.),t(A2)  ® £(A,  + As  + A4)*)  at  k 


by  3.2(y)  above. 

§3.3.  Jiocles  of  Tensor  Products  for  Da 

We  now  use  the  lemmas  of  section  3.1  to  compute  the  Opsocles  of  the  tensor 
products  of  either  L(6{)  or  L(6%)  with  the  other  restricted  simple  modules.  Using  the 

of  D4,  (e.g.  we  do  not  have  to  compute  both  Socjj,  (L(6i)@L(6}))  and  SacDl(L(6i)8> 
L(St))),  we  now  list  (15  - 4)  + 6 = 17  such  computations. 
»)SocDl(£(f,)®i(«l))a't. 

By  Table  2-1,  the  only  simple  restricted  D-module  types  that  appear  as  D-  compo- 
sition factors  are  i,  t(dj).  We  have 


HomD(t,£(f,)  13  L(6,))  3 HomD(I(5,),  £(*,))  3 k, 


Homfl(£(«s),  £(f ,)  ® £(f ,))  as  HomD(£(«, ),  £(«s)  ® £(«, ))  3 0, 


by  Table  2-1. 

b)  Soc Dl(L(S,)  ® £(5j))  3 1,(64). 

By  Table  2-1,  the  simple  restricted  module  types  that  appear  as  D-  composi 
factors  are  £(61  4-  63),  £(f4).  We  have 

Homfl(£(«i  + 63),  £(«,)  ® £(53))  3 HomD(£(5,),  £(5,  + 63)®  H63))  3 0, 


by  Table  2-1, . 


HomD(i(<4),L(«,)®i(«3))efi, 

mi  ® m)  * »°(<i) ® H°(h)  a w°(4,  + hll/^h)- 

c)  SocD,(i(fi)  ® i(4a))  a Z(4j  + 44)  ® £(*1  + 4j). 

Tliis  is  immediate  from  Table  2-1,  since  63  + <4  and  4,  + 63  Ue  in  distin 

d)  SocDl  (Z(4,)  ® U63  + 64 ))  3 Z(4j). 

The  simple  restricted  module  types  that  appear  as  D-  composition  factors 
Z(«j),I(4|  + 43  + 64).  We  have 

Hornofi,  L(6,)  ® L(63  + 64))  a HomD(Z(<i),  1,(63  + 44»  S 0, 

by  Schur's  Lemma, 

HomD(Z(<i  + «3  + «4),  l(S, ) ® L(4s  + 44)) 

S Homo(Z(43  + 44),  Z(4i  + 43  + 44)  ® L(6\ ) a 0, 

by  Table  2-1,  and  finaUy, 

Hom£,(Z(43),  L(4i)  ® L(43  + 64))  * HomD(L(43  + 64),  L(4,)  ® 1,(63)) 


by  3.3(c) 
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e)  Soc0l(i(<i)  ® L(6i  + 64))  “ L(Si  + f4). 

By  Table  2-1,  the  only  simple  restricted  module  type  that  appears  as  a D-  composition 
factor  is  HSt  + St).  We  have 

HomD(£(4j  + 44),  L(S,)  ® £(4,  + 44))  3!  Hom0(£(4,  + 4,),  l(i,)  ® £(4j  + 44))  as  t, 
by  considering  the  good  filtration  of 

L(S,)0L(S3+S4)  as  W0(41)®«°(42+<4)  a U0[il+62+6i)//U0(h+2St)//H°(S2+ 

4j)//tfl>(4I+«4). 

0 Socft(£(4i)  ® L(6i  + *2))  as  1(42). 

The  simple  restricted  module  types  that  appear  as  D-  composition  factors  are  fc, 
£(42),  £(4, +43  + 44).  We  have 

HomD(i,  £(4, ) ® £(4i  + <2))  as  Homol^, ),  £(4,  + 42))  as  0, 

by  Schur's  Lemma, 

Homj>(£(4i  + 63  + St),  £(4i)  ® £(4i  + 62)) 

as  Homo(£(4i  + 4 2 ),  £(4j)  ® £(4i  + 4j  + 44))  a 0, 
by  Table  2-1,  and  finally, 

HomD(£(42),  £(«l ) ® £(«i  + 62))  SS  HomD(£(4i  + 42),  £(4i)  ® £(42»  SS  *, 


by  3.3(c)  above. 


g)  SocD,(£(4,)  ® £(4j  + S3))  S'  £(4j  + *3)  ® £(4j  + 64). 

By  Table  2-1,  the  simple  restricted  module  types  that  appear  as  D-  composi 
factors  are  £(44),  £(4,  + S3),  £(4j  + S4),  and  L(S,  +S}  + S3).  We  have 

HoraD(£(f4),L(«i)  ® £(4j  + 43))  a IlomD(£(42  + 4j),  £(4i)  ® £(64))  3 0, 

by  3.3(b)  above, 

HomD(£(4I  + 63  + 43),  L(S\ ) ® £(<j  + 43)) 

3 Hom0(£(42  + S3),  £(4,)  ® £(4|  + «s  + 43))  a 0, 

by  Table  2-1, 

Horn  d(£(4i  + 43),  £(4i ) ® £(4j  + 4s)) 
a Homo(£(42  + 4s),  £(4,)  ® £(4,  + S3))  a k 
by  3.3(e)  above,  and 


Hom0(£(4j  + 44),  £(4i)  ® £(4j  + S3))  a k, 

by  considering  a good  filtration  and  decomposition  into  linkage  classes  of  £(4i)  ® 
m + Si)  — H°(4,)  ® H\S a + 4j)  a {«0(4,  + 4j  + 43)////°(4j  + 43)} 

®(«0(44  + 243)//tf°(43  + 44)}. 

h)  Soc0l  (£(4j)  ® £(4i  + 43  + 44))  a £(4j  + 4j  + St). 

The  simple  restricted  module  types  that  appear  as  D-  composition  factors  are  £(43) 
and  £(42  + 43  + 44).  We  have 


HomD(£(4i),  £(4,)  ® £(4]  + 43  + 44))  a HomD(£(4,  + 43  + 44),  £(4i)  ® £(4i))  a 0, 
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HomD(I(«2  + S3  + 6.1),  L(4|)  ® L(S\  +S3  + <4))  a k, 

since  it  must  be  nonzero  by  the  above  and  there  are  only  2 composition  [actors  of 
L{Si)  ® Z(4 1 + + 44))  isomorphic  to  t(4j  + 63  + 44)  (so  that,  if  both  of  these 

factors  are  in  the  socle,  we  would  have  a D -composition  series  with  either  L(4,)  or 
L{h  + ^4)  appearing  in  the  head,  but  Z(4i)  ® L(6\  + 43  + 44))  is  self-dual.) 

i)  Soc0l(Z(6i)  ® Z(4j  + 43  + 44))  a Z(4i  + 4s  + St)  $ L(p). 

The  simple  restricted  0-module  types  that  appear  as  D\-  composition  factors  are 
i,  Z(4j),  £(4]  + 4s  + 44),  and  £(/>).  We  have 

Homjj(*,  £(4i)  ® Z(42  + 43  + 44))  a Homo(£(4i ),  Z(4j  + 63  + 44))  a 0, 

by  Schur’s  Lemma, 


HomD(Z(42),  L(ii)  ® Z(42  + 43  + 44)) 
a Hom0(Z(4j  + 4S  + 44),  Z(4,)  ® £(4j))  a 0, 

by  Table  2-1, 

HomD(/,(4i  + 43-1 64),  L(6i)  ® L(6$  + 43  + 64)) 
a Hom0(Z(4s  + 43  + 44),  Z(4,)  ® Z(4,  + 63  + 64))  a k, 


by  3.3(h)  above,  and  finally, 


HomDl(£(p),£(4i)  ® L(h  + <3  + «4»  *. 


by  Table  2-1,  and  the  fact  that  £(p)  is  injective  (and  projective)  for  D\. 

j)  Soc0l(i(i|)  ® £(4j  + St  + 64))  a £(4i  + <2  + <3). 

The  simple  restricted  module  types  that  appear  as  D-  composition  factors  are  £(44), 
nil  + Si)  and  L(S\  + 4j  + 43).  We  have 

Homo(£(&|),  L(6\)  ® L(6\  + 4j  + 4<))  =*  Homp(£(4i  + 4j  + £4),  £(4i)  ® £({4))  S>  0, 
by  Ihble  2-1, 

Homo(£(4i  + 4j),  £(4j ) ® £(4]  + <j  + (4)) 

3!  Horn D(l(S,  +42  + 6t),  £(4,)  ® £(4,  + 4j))  3!  0, 
by  Table  2-1,  and  so,  we  must  have 


0 ft  HoraD(£(4i  +4J  + 4J),  £(4i)  ® £(4,  + 4j  + 44)), 

~ HomD(V'(41  + 42  + 43),  /f°(4i)  ® W°(4i  + 43  + 44))  3!  k, 
by  considering  a good  filtration  of 

£f°(4,)  ® tf°(4,  + 42  + 44))  a //°(24,  + 42  + 44)//tf°(242  + 44)//W°(4,  + 43  + 
+ <2  + W/f/°(24,  + 44)//fl°(42  + 44). 

k)  SocDl(£(4i)  ® £(/>))  a £(42  + 4s  + 44). 

We  have 


HomD(£(v°),  £(4, ) ® £(p))  a Hom0(£(p),  £(4i ) ® £(v0))  a 0, 
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for  all  restricted  weights  x°  except  i/°  = 42  + 43  + 64  by  Table  2-1,  and 
Horn o(I(p),  L(ii)  ® L((v  + fj  + is))  3 k 


by  3.3(i)  above. 

1)  Socp,  (£(4j)  ® i(4j))  at©  £(4j). 

This  was  computed  by  Sin  (20]. 

“)  SocDi(£(4j)  ® £(4g  + 44))  a £(4,)  © £(4,  + 4j). 

The  simple  restricted  module  types  that  appear  as  D-  composition  factors  are  £(4i), 
£(4i  + 42),  and  £(4j  + 43  + 44).  We  have 

HomD(£(4i),  £(4j)  ® £(4S  + 44))  a HomD(£(43  + 44),  £(4,)  ® £(4j))  a *, 

by  3.3(c)  above.  Also, 

HomD(£(4,  + 42),  £(42)  ® £(63  + 64))  a k. 

This  follows  by  considering  the  decomposition  of  Lfo)  ® £(43  + 64)  into  linkage 

class  as  4,  + 42  are  £(4i  + 243)  and  £(4!  + 244),  but  these  do  not  appear  in  the 
D-socle.  (For  example. 


Hom0(£(4,  + 243),  £(4j)  ® £(43  + 44)) 

a Hom,j(£(43  + 44  + 24S),  £(42)  ® £(4|))  a 0, 
by  Table  2-1.)  Therefore,  we  must  have 


HomD(£(4i  + 42),  £(62)  ® £(4s  + 64))  yS  0, 
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but  there  are  only  2 composition  factors  of  £(62)  ® £(63  + 64)  that  are  isomorphic  to 

of  £(62)  ® £(63  + 64)  with  either  £(6j  + 263)  or  L(6\  + 264)  appearing  in  the  head. 
Finally, 

HomD(£(6a  + 6j  + 64),  £(6j)  ® £(63  + 64))  a 0, 
again  by  considering  the  decomposition  into  linkage  classes.  If  the  unique  composition 
factor  isomorphic  to  £(62+63+64)  appeared  in  the  socle,  we  would  have  a composition 
series  in  which  2 copies  of  £(61)  appeared  in  the  head  (since  ExtJ>(£(6I),£(6i))  a 0) 

HomD(£(6j)®£(6s  + 64),£(6I)) 
a Homfl(£(6,),  £(62)  ® £(63  + 64))  a k. 

(See  above.) 

n)  SocDl(£(62)®£(6i  + 62))  a £(63)  *£(63  + 64)© £(6|  +63)  *£(63  + 63  + 64). 
The  simple  restricted  module  types  that  appear  as  D-  composition  factors  are  £(61), 
£(63  + 64),  £(61  + 62),  and  £(62  + 63  + 64).  We  have 

Hom0(£(6]),  £(63)  ® £(61  + 63))  a HomD(£(6[  + 62),  £(61)  ® £(62))  a i, 

by  3.3(c)  above, 


HomD(£(63  + 64),  £(6,)  ® £(6,  + 6j))  a Hom0(£(6,  + 6j),  £(62)  ® £(6,  + 64)  a i, 


Homc(£(6i  + 6j),  £(62)  ® £(6,  + 6j))  a k. 
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by  an  argument  similar  to  that  used  in  3.3(m).  Finally, 

Hom0(£({]  + 63  + 4t).  Hh)  ® ^(*1  + fc)) 

a HomD(i (6l  + dj),  L(h)  ® L{h  + <3  + *4»  - t- 

again,  by  the  argument  of  3.3(m). 

o)  SocDl  (Hh)®  £(<i  + + «<))  a t(«i  +63 + 64)0,  Up). 

This  was  computed  by  Sin  [20], 

P)  SocDl  (L(h)  ® Up))  as  US  1 + <3  + *4)  ® 2i(p). 

Homo(L(v0), i(ij) ® L(p))  S Homo(£(p), I(«2)  ® i(v0))  a 0, 

for  all  restricted  weights  v°  except  */°  = 6j  + 63  + 64  and  1/®  = p by  Table  2*1, 

Homc(i(p),  L(h)  ® i(4l  + «3  + <4))  » * 

by  3.3(o)  above,  and  L(p)  is  injective  for  D\.  (See  table  2-1.) 

q)  SocD,(i(6j)  ® Ufa  + 63  + 64))  a L(Si  + 4j)  ® L(&i  + 63  + &|). 

The  simple  restricted  module  types  that  appear  as  D-  composition  factors  arc  £(61), 
Hh  + *4).  Hh  + 62),  and  L(Sj  + {3  + 64).  We  have 

Homo(X.(6i ),  Z.(6j)  ® £(dj  + 63  + 64)) 


a Hom0(£(d2  + «3  + 64),  L(6i)  ® L{6i))  a 0, 


IlomD(L(i53  + 6\),L(6^)  ® H&2  + ^3  + 44)) 

a Homo(/,(i2  + *3  + £1),  1(h)  ® L(h  + 44 ) a 0, 

by  3.3(in)  above, 

Hom/j(i(4i  + 6t),  L(h)  ® £(42  + ^3  + 4i))  a k, 
by  an  argument  similar  to  that  used  in  3.3(m).  Finally,  we  compute 
Hom£)(£(62  + <3  + <4),  £(4 2)  ® L(h  + 43  + Sg)), 

in  the  next  subsection,  along  a couple  of  miscellaneous  lemmas  about  H-socles  of 
certain  tensor  products  for  later  use. 

§3.4.  Miscellaneous  Socle  lemmas 

products  which  will  be  used  later.  The  next  lemma  will  actually  follow  from  the 
results  of  the  next  chapter,  but  is  included  here  mainly  for  the  sake  of  organization. 
LEMMA  3.4.1.  Let  D (reap.  G)  be  the  simply  connected  algebraic  group  of  type  Os 
(resp.  AgJ.  Let  M be  any  composition  factor  of  E — (L(fl^),  £(v^))l"  ),  where 

p , n®  are  any  two  restricted  weights.  If  (X,  ft)  is  any  pair  of  S-restricted  weights,  then 

HomDl(L(\),M ® L(0)) 

is  D-triaial.  The  analogous  result  holds  for  G = A 4. 

PROOF:  In  chapter  4 we  will  show  that  the  only  composition  factors  that  occur 

in  E = Ext^  (£(/r°),  £(v0))(2~')  are  those  for  which  the  hypothesis  of  Lemma  3.1.2 
applies.  I 
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In  the  following,  denote  by  G the  simply  connected  group  of  type  f?a,  by  6 the 
simply  connected  group  of  type  C4,  and  by  D the  subgroup  of  G generated  by  the 
long  root  subgroups  (which  is  simply  connected  of  type  £4). 

Lemma  3.4.2. 


f/omo(i(<2  + 13  + 6, 1),  1(h)  ® £(*2  + h + da))  - k. 

PROOF:  First  we  observe  that 

Homo(£(d2  + 63  + 64),  L(h)  ® + 63  + da))  / 0. 

This  follows  from  the  fact  that 

Hom;;(/.,  [.(h)  ® £(d2  + 63  + *64 ) ) 

can  be  shown  to  be  zero  for  all  other  composition  factors  of  £(63)  ® £(d2  + ^3  + da) 
in  the  same  linkage  class  as  £(63  + 63  + 64). 

We  have 

Homo(£(d2  + 63  + da).  £(^2)  ® £(42  + 63  + 64)) 
a Homo,  (£(^2  + 63  + da),  1.(60)  ® £(da  + d3  + d4)), 

(by  dimension  argument) 

a Homg  (£(iij  + W3),  £(<02)  ® £(102  + *3)) 


a Homg(£(wj  + W3),  £(103)  ® £(w2  + “3)). 


(by  dimension  argument) 


- Homg(i(uj),  I(u2  +uj)  0 £( nig  + 103)) 

~ Hom(j(V,(iij),  /f°(d>j  + 103) ® H°( uj  +103)) 

- Homg(V,(iJ2  + «j),  A0(ai3)  ® W°(ii2  + 103))  S 2*, 


® W°(iij  + 103) 

a H°( 2ij  +«3)//fl»(1iI  + 2fl3)//fi®(a,  +U2  +«4)//tf  °(« 3 +*<)//*<>(*,  + 2*j)// 
W°(2u.,  + <03)/ + W3)////®(wj  +un)//H°(ui  +Q2)//Hll(ui). 

On  the  other  hand,  there  is  an  embedding  of  ^(u^)  into  V'(2d>i),  which  in  turn  can  be 
embedded  into  £(u2+U3)®£(u2-Hj3)  (which  embeds  into  //“fo+wa)®#  0(w2+u>3)-) 

6 1-»  GL}.(L(u 2 + C03)) 

is  injective  (since  the  weights  of  i(u2  + 103 ) generate  the  character  group  of  f1)  and 
therefore  induces  an  embedding  of  G-modules 

8 *-*  EniiALipt  +103)) 

(where  £nd*(£(d>2  + W3))  a £(<02  + 103)’®  £(<^+£3),  and  e 3 ^(2wx).)  Therefore, 
we  must  have 

dimi(Homg(£(u2),  £(<oj  + <03)  ® £(<02  +103)))  < 
dimt(Homg(£(u2),  H°(u j + 013)  ® + <03)))  < 1. 


Lemma  3.4.3. 


HomD(L(Si  + 6,),  L(4,  +6,)®  L(4,  + «a))  ?!  0. 


PROOF:  This  follows  troi 


Hom£)(L,  L{6\  + <4)  ® L(4i  + £2)) 

can  be  shown  to  be  zero  for  all  other  composition  factors  of  L(St  + 64)  ® L(S,  + <j) 
in  the  same  linkage  class  as  L(6$  + 64 ). 


Lemma  3.4.4. 


Hom£)(L(6t  + 42  + 44),  L(4j  + 4j  + 44)  ® L(42  + 4j))  ?!  0. 

Proof:  This  follows  from  the  fact  that 

HomD(L,  L(4,  + 43  + 44)  ® L(4j  + 4j)) 

can  be  shown  to  be  zero  for  all  other  composition  factors  of  L(4i +43  + 44)®L(42+43) 
in  the  same  linkage  class  as  L{6\  + 42  + 64).  This  follows  immediately  from  Table 
2-1  (and  the  identity  Ho mD{U,V  ® Vt')  =¥  Hom0(H',,V®  If*)),  except  for  the 
composition  factors  L(6\  + 6?  + 243  -f  44)  (Remark:  L(6%  + 3 63)  is  in  a different 
linkage  class.)  However,  we  obtain 


Hom0(L(4i  + 42  + 24s  + 14 ),  L(4i  + £3  + 44)  ® 1(42  + *3»  - 0, 


the  indusic 


V(«i  + «2  + M3  + «4)  £ V(<|  + a3  + «4)  ® V{h  + h), 

MS1  + <3  + *4)  ® Hh  + <s)//rad[K(«i  + 63  + a,)]  8 L(6?  + 6j). 

We  then  observe  from  Table  2-1,  and  the  composition  factors  of  rad[V(di  + 63  + f4)] 
that  rad[K(a,  + S3  + 64)]  ® L(h  + S3)  contains  no  composition  factor  isomorphic  to 
£(«1  + 2fj+d4),  which  is  a composition  factor  of  rad|V(f1+a2+2a3+a<)].  Therefore, 
the  quotient  of  V(S\  + Sj  + 2i3  + £4)  inside  L(S\  + <3  + <4)  ® Ufa  + f3)  has  nonzero 
radical  and  so  the  unique  composition  factor  of  £(di-fd3+d4)®£(d2  + a3)  isomorphic 
to  L(Si  + f2  + 2d3  + «4)  cannot  appear  in  the  socle  of  L(Si  + 63  + 64)  ® L(Si  + S3). 


CHAPTER  4 

MODULE  EXTENSIONS  FOR  INFINITESIMAL  SUBGROUPS 

quantities  Ext where  L and  M are  restricted  simple  modules.  Utilizing 
Lemma  3.1.1  together  with  Table  2-2  and  exploiting  the  symmetry  of  A4,  we  need 
to  list  42  such  computations.  We  also  use  the  fact  that  for  G = A 4,  Ext q (L,L)  = 0 
for  any  restricted  simple  module  L. 

•)  Extk|(£(*l  + X*)<L(X1  + >2  + A3))  - 0. 

By  Lemma  3.1.1  and  Table  2-2,  the  only  simple  G- module  that  could  appear  as  a 
composition  factor  of  Ext^WA,  + X,),L(Xl  + A2  + A3))  is  L(2X3). 
i)  Homc(L(2A3),  Ext^  (L(Xt  -+-  A4),  L(Ai  + A2  + A3))) 

=S  Homc(L(2AH),Ext^l(£(Ai  + A4),  L(A[  + Aj  + A3))  ® £(2A,)) 

(as  Homc(£(A4),£(A3)  ® £(A,))  9!  *,) 

9£  ExtJj(I(A,  + A4  + 2A4),  L(A,  + Aj  + Aj  + 2A,))  as  0, 

since  Ai  + 3A4  is  not  comparable  with  3A]  + A2  + A3  in  the  (usual)  partial  order. 

*>)  ExtCi^f^S  + *4)' i(Al  + *3  + A3))  — 0. 

The  only  simple  G-module  that  could  appear  as  a composition  factor  is  L( 2A2). 
i)  Homc(£(2A2),  ExtJj,  (£(A3  + A4),  £(Ai  + Aj  + A3))) 


2 HomG(£(2A3),ExtJ;i(£(A3  + A4),£(A,  + Aj  + Aj))®I(2A,)) 


(m  Homc(L(X3),  i(Aj)  ® I(A,))  3!  *,) 


as  Ext^(Z.(A3  + A4  + 2Aj),  I(Ai  + Aj  + Aj  + 2Ai ))  a 0, 

since  3A3  + A4  is  not  comparable  with  3Aj  + A2  + As  in  the  (usual)  partial  order. 

=)  Extk.WA,  + Aj),  L(M  + Aj  + Aj))  a L(2A,). 

The  only  simple  G-module  that  could  appear  as  a composition  factor  is  L( 2A*). 
i)  Homc(t(2A4),  Ext^j^ifAi  + A2), L(Aj  +A2  + A3))) 

a Ext$,(I(A,  + A2  + 2A<),  I(A,  + Aj  + A3))  S'  k, 
by  considering  the  Weyl  module  V{A,  + A2  + 2A<). 

<l)  ExtJ,_  (I(A2  + A3  + A4),  I(A,  + A2  + As))  a 0. 

The  only  simple  G-module  that  could  appear  as  a composition  factor  is  £(2A|). 
i)  HomG(L(2A,),Ext^(i(A2  + A,  + A^A,  + A2  + Aj))) 

=5  Homc(i(2A2),  Ext^,(£(A2  + A3  + As),  i(Ai  + Aj  + A3))  ® £(2A,)) 

(as  HomG(i(A2),  L( Ai)  ® i(Ai))  a *,) 

a Ext(j(L(A2  + A3  + A4  + 2A2),  L( Ai  + A2  + A3  + 2Ai))  a 0, 
since  3A2  + A3  + A4  is  not  comparable  with  3Aj  + A2  + A3  in  the  (usual)  partial  order. 

e)Extfe1(t,X(A,  + A2  + A4))ajl(2A1). 

From  the  fact  observed  by  Andersen  (2,  4)  and  Jantzen  [4, 13)  that 


lf,(Gl,fl0(A))<*‘,>  3 
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we  obtain  tf‘(C,,//0(A|  + A2  + A*))^')  a 0.  Then  from  the  short  exact  sequence 

I(Aj) 

0 £(A,  + A2  + X,)  fl°(Al  + Aj  + A«)  £(2A,)  0, 

0 £(2Ai)  Hl(G\,L(X\  + A2  + A4))  0, 

by  taking  G]  -fixed  points,  and  considering  the  long  exact  sequence  in  cohomology. 

f)  Ext^(£(Ai), £(A,  + A2  + A4))  a 0. 

The  only  simple  G-module  that  could  appear  as  a composition  factor  is  £(2A3). 
i)  Hom^(£(2As),  Ext^t(£(Ai),  £(Aj  + Aj  + A,))) 

a Extg(£(A,  + 2A3),  £(A,  + A2  + Xi))  a i, 
by  considering  the  Weyl  module  V(A j + 2Aj). 

g)  Ext^(L(A4),  £(A]  + A2  + A4))  a 0. 

The  only  simple  G-module  isomorphism  types  that  could  appear  as  a composition 
factors  are  £(2^),  £(2(A,  + Aj]). 

i)  Homc(£(2A4),  ExtJ,,  (£( A.),  £(Ai  + A2  + A<))) 

S Extg(£(A<  + 2A4),  £(Ai  + A2  + A4))S!0, 
as  3A4  is  not  comparable  with  Aj  + A2  + A4  in  the  (usual)  partial  order. 

ii)  Homc(£(2[A1  + Aj]),Ext^(£(A4),£(Ai  + Aj  + A,))) 

S Homc(£(2[A,  + A^j.ExtJ-.WA^.^A!  + A2  + A4))  ® £(2A4)) 


(as  Homc(£(Ai  + A2),£(Ai  + A3)®£(A,))  a i.) 


2!  Ext^(I(X,  + 2|Ai  + A2]),  I(A,  + A2  + A4  + 2A,))S  0, 


since  2Ai  +2A2  + A4  is  not  comparable  with  A]  + A2  + 3A4  in  the  (usual)  partial  order. 

h)  E.ctJji(£(A,),I(A1  + Aj  + A4))  2!  0. 

The  only  simple  (7-module  isomorphism  types  that  could  appear  as  a composition 
factors  are  k,  t(2(A,  + A4]). 

i)  Homc(i,Ext>;i(I(As),I(A1  +AS  + A4))) 

- ExtJ.(I(A2),  L(Ai  + A2  + A4))  9!  0, 

by  considering  the  Weyl  module  V'(Ai+Aj+A4)  C V(A,  +A2)®V(A4)  S'  L(Ai  +A2)® 
H A4).  Since  Homc(£,(2Ai),£(Ai+A2)®t(A4))  S!  HomG(/,(2A|  +A3  + A4),  £(A»))  “ 

0,  we  must  have  that  the  single  composition  factor  of  V(Aj  + A2  + A4)  isomorphic  to 
£(A2)liesin  Rad2(V(A,  + A2  + A4)). 

ii)  HomG(L(2[A1  + A4]),  Ext};,  (£(A2),  £(A,  + Aj  + A4))) 

2 Homc(£(2(A3  + A4)),  ExtJ.i(I(A2),  £(A,  + Aa  + A4))  ® £(2A 2)) 

(as  Homc^Aj  + A4),  £(A|  + A4)  ® £(A2))  S'  A.) 

- ExtJ;(i(A2  + 2|A3  + All),  £(Ai  + A2  + A4  + 2A2))  S'  0, 
since  A2  + 2A3+2A4  i®  n°l  comparable  with  Ai  + 3A2 + A4  in  the  (usual)  partial  order. 

i)  Ext^(£(A3),£(Ai  +A2  + A4))a!0. 

The  only  simple  (7-module  that  could  appear  as  a composition  factor  is  2A2). 
i)  Homc(£(2A2),  Ext}-,  (£(Aj),  £(A,  + A2  + A4))) 


2 Homc(L(2[A3  + A4)),Ext^i(£(A3),L(A1  + A2  + A4»  ® £(2[A,  + A4])) 


(“  Homc(i(>3  + A4),  £(Aj)  ® £(A,  + A4))  a k.) 


H ExtJ;(£(Aj  + 2[Aj  + A4]),  £(A,  + Aj  + A,  + 2[A,  + A4]))  a 0, 

since  3A3  + 2A4  is  not  comparable  with  3Aj  + A2  + 3A4  in  the  (usual)  partial  order, 
j)  Ext^(I(As  + A4),  £(Ai  + Aj  + A4))  a 0. 

The  only  simple  (7-module  that  could  appear  as  a composition  factor  is  £(2A3). 

i)  Homc(£(2A3),ExtJ,i(£(Aa  + A4),£(A1  + A2  + A4))) 

2 Homc(£(2A2),  Ext^(I(A,  + A4),  £(A,  + A»  + A^)  ® HV*)) 

(as  Homc(£(A2),  £(A3)  ® £( A4))  a k,) 

3!  Ext{;(£(Aj  + A4  + 2A2),  £(A,  + A2  + A4  + 2A,))  a 0, 

since  3A2  + A4  is  not  comparable  with  Aj  + A2  + 3A4  in  the  (usual)  partial  order. 

It)  Ext^(£(A,  + AS),  £(A,  + A2  + A4))  a 0. 

The  only  simple  (7-module  that  could  appear  as  a composition  factor  is  £( 2A4). 
i)  Homc(£(2A4), Ext  >,,(£(  A,  + Aj ),1{M  + Aj  + A*))) 

2 Homc(£(2A3),  Ext^(£(Ai  + A3),  £(A,  + A2  + A,))  ® £(2A«)) 

(as  Homc(£(A2),£(A4)  ® £(A4))  a k,) 

a ExtJ;(£(Ai  + A3  + 2A3),  £(At  + A2  + A<  +2A4))  a 0, 
since  Ai  + 3A3  is  not  comparable  with  Ai  + A2  + 3A4  in  the  (usual)  partial  order. 


ia  £(2A,). 
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1)  Ext},,  (£(A2  + Aj),  £(A,  + A2  + A4))“0. 

The  only  simple  (7-module  that  could  appear  as  a composition  ft 

i)  HomG(i(2A,),Ex^1(I(As  + As)1£(Ai  + Aj  + A4))) 

=5  HomG(t(2Aa),  Ext^WAj  + A,),  i(A,  + Aj  + X,))  ® i(2A,)) 

(a.  Homc(I(A,).i(A1)®£(AI))a!t,) 

a Ext};(£(A2  + Aj  + 2Aa),  i(A,  + A2  + A<  + 2Al ))  a 0, 

since  3A2  + Aj  is  not  comparable  with  3Aj  + A2  + A4  in  the  (usual)  partial  order. 

®)  Extfc,  W*1  + X3  + i(*l  +A2  + A4))S'0. 

The  only  simple  (7-module  that  could  appear  as  a composition  (actor  is  £(2A2). 
i)  Homc(t(2A2),ExtJji(i(Ai  + A3  + A^), L(A[  + A2  + A4))) 

2 Homc(£(2Ai),  Ext};,  (£(A,  + Aj  + A4),  £(A,  + A2  + A4))»  I(2A<)) 

(a.  Homc(L(A,),  L(A2)  ® £(A,))  a k,) 

a Ext};(£(Ai  + A3  + A4  + 2Ai ),  £(A,  + A2  + A*  + 2A4))  a 0, 

since  3A]  + A3  + A4  is  not  comparable  with  Aj  + A2  + 3A4  in  the  (usual)  partial  order. 
n)  E*tg,(t|£(A3  + Aj))  a F. 

Prom  the  fact  that 

«‘(Cl,  tf^A))^'1)  a indg(ff'(B,, A)<a'')), 

we  obtain  «>((?,,  B®(Aj  + Aj))<2‘‘>  S 0.  Then  from  the  short  exact  sequence 


79 

0 - I(Aj  + Aj) ff°(A2  + A3)  - * - 0, 

0 -*  A — » Hl(Gu  U, Aa  + As))  0, 

by  taking  G\  -fixed  points,  and  considering  the  long  exact  sequence  in  cohomology. 

o)Extfel(I(A1),I(Ai+A,))9!0. 

The  only  simple  G- module  types  that  could  appear  as  composition  factors  are  L( 2A2), 

i(2[A,  + A4l). 

i)  Homc(I(2A2),  Ext^(i(A,),  £(A2  + Aj))) 

2 Homc(i(2A1),ExtJ;l(L(A,),I(A,  + A3))  @ i(2A,)) 

(as  HomcWA,).  £(Aj)  ® £(Aq))  * A,) 

3!  ExtJ;(I(A,  + 2A,).  £(Aj  + Aj  + 2A,))  K 0, 

since  3Ai  is  not  comparable  with  A2  + A3  + 2A4  in  the  (usual)  partial  order. 

ii)  Homc(L(2[A3  + A4)),Ext^(£(Ai),£(A2  + Aj))) 

2 Homc(£(2[A,  + A4]),Ext^(£(Ai),£(A2  + A3))®L(2A3)) 

(as  HomctAfAi  + A4),£(Aj  + A4)  ® £(AS))  a A,) 

- ExtJ;(£(A,  + 2[Aj  + A4|),  £(A2  + A3  + 2A3))  a 0, 

since  3Aj  + 2A4  is  not  comparable  with  A2  + 3A3  in  the  (usual)  partial  order. 

P)  ExtJji(£(A2),£(A2  + A3))  * 0. 

The  only  simple  G-module  types  that  could  appear  as  composition  factors  are 
i(2[Ai  + Aj|). 


-£(2A»), 


i)  Homc(i(2A4),ExtJ,i(i(A2),i(As  + A3))) 


a Ext^(Z,(A2  + 2A4),  £(A2  + A3))a  0, 

by  examining  the  Weyl  modules  V(Aj  + 2A4)  and  K(2Ai).  FVom  ExtJ.(*,£(A2 
2A4))  a ExtJ,(£(2A,),L(A2))  a A,  we  must  have  that  the  radical  of  V(A2  + 2A4) 
uniserial  of  the  form 

£(*2  + a3) 

ii)  Homc(£(2(A,  + Aj]),  ExtJ^  (£(  A2),  £(Aj  + A,))) 

< Homc(/,(2[Ai  + A2]),ExtJ;1(I(A2),i(A2  + A3))  ® £(2Aa)) 

(as  Homc(£(Ai  + A2),  Z.(Aj  + A3)  ® I(A,))  a A,) 

a ExtJ;(£(A2  + 2[A,  + A2])t  £(  A2  + A3  + 2A4))  a 0, 


since  2 A | + 3A2  is  not  comparable  with  A2  + A3  + 2A4  in  the  (usual)  partial  order. 

q)  Ext^WA*  + A,),  £(A2  + A3))  a 0. 

The  only  simple  G-moduIe  that  could  appear  as  a composition  factor  is  £(2A3). 
i)  Homc(£(2A2),ExtJ,i(£(A2  + A4),£(A2  + A3))) 

=S  Homc(£(2A,),  Ext^(£(Aj  + A,),  £(A2  + A3))  ® £(2A4)) 


(as  Homc(£(A,),£(A2)®£(A4))a  A,) 


a E>4(I(A2  + \i  + 2A,).  £(Aj  + A3  + 2A,))  3 0, 


since  2Aj  + A2  + A4  is  not  comparable  with  A2  + A3  + 2A4  in  the  (usual)  partial  order. 

r)  Ext^(A,I(A2  + A4))2Z,(2A3). 

From  the  fact  that 

Zf1(Ci,/f°(A))(s_l)  S imfg(H1(fli,A)<2'1*), 
we  obtain  if1(G1,if<l(A2  + A*))*2"')  B £(A3).  Then  from  the  short  exact  sequence 
0 - £( A2  + A,)  - //°(A2  + A4)  £(A,)  0, 

we  obtain 

0 -*  ff ‘(Gi,  £(A2  + A4))  £(2As)  -♦  0, 

s) Ext^(£(Ai),£(A2  + A 4))B*. 

The  only  possible  isomorphism  types  of  summands  of  the  socle  are  *,£(2|A,  + A4]), 
and  £(2[A2  + A3|). 

i)  Homc(t,  Ext^WAiUfAj  + A4))) 

— Exte(£(A, ),  £(A2  + A4))  B *, 

by  considering  the  Weyl  module  V(A2  + A4). 

ii)  Homc(I(2(A,  + A4l),Ext^(£(A,),£(A2  + A4))) 

2 Home(£(2[A3  + A4)),Ext^1(£{Ai),£(A2  + A4))®£(2A2)) 


(as  HomG(£(A3  + A4),  £(Aj  + A4)  ® £(A2))  — k,) 

3!  Ext^£(A,  + 2[A3  + A4]),  £(A2  + A4  + 2Aj))  SS  0, 

since  A;  + 2A3  + 2A4  is  not  comparable  with  3A2  + A4  in  the  (usual)  partial  or 
iii)  Homc(£(2[A2  + A3]),  ExtG,  ( £(Ai ),  £(A2  + A,))) 

2 Homc(£(2[A3  + A4]),  Ext^., (£(A,)t  £(Aj  + A«))  ® £(2A2)) 

(as  Homc(£(A3  + A4),£(A2  + A3)  ® £(A2))  S'  k,) 

- E*t^(£(Ai  + 2(A3  + A4]),  £(A2  + A4  + 2A2))  S'  0, 

since  A]  + 2A3  + 2A4  is  not  comparable  with  3A2  + A4  in  the  (usual)  partial  ord 
We  have  thus  shown  that 


>occ(ExtGi(£(Ai),  £(A2  + A4)))  S'  k). 

Now,  the  only  type  of  simple  (7-module  which  can  appear  as  a composition  f 
of  ExtGi(L(A1),£(A2  + A4)),  and  which  extends  k,  is  £(2[A2  + As]).  Howev, 
argument  of  part  (iii)  shows  that  £(2[A2  + A3])  cannot  be  a summand  of  the  : 
socle  layer  because  £(A3  + A4)  docs  not  extend  k ® £(A2)  S!  £(A2). 

t)  ExtJ,i(£(A4),£(A2  + A4))  S!  £(2A,). 

The  only  possible  isomorphism  types  of  summands  of  the  socle  , 
i(2[A2  + A4]). 

i)  HomG(L(2Ai ), Ext^ (£(A4), £( A2  + A4))) 


£(2A,) 


a-Ext^(i{A4+2Al),l(Aj  + A4))sr  *, 


by  considering  the  Weyl  module  VfAs  + 2A,). 

ii)  Homc(£,(2|A2  + A<]),ExtJ!l(I(A4),£(A2  + X,))) 

2 Homc(£(2[A3  + A4]),ExtJ;i(£(Al),£(A2  + A,))  ® £(2A,)) 

(as  Homc(£(A3  + A4),  L( Aj  + A4)  ® £(A,))  a A,) 

3 ExtJ-(£(As  + 2(A3  + A4]),  £(Aj  + As  + 2A,))  3 0, 

since  2A3  + 3A4  is  not  comparable  with  2Aj  + A2  + As  in  the  (usual)  partial  order. 
We  have  thus  shown  that 

“cdExt^WAs), £(Aj  + As)))  3 1(2A,). 

Now,  the  only  type  of  simple  G-module  which  can  appear  as  a composition  factor  of 
Ext lGl  (£(As),  £(A2  + As)),  and  which  extends  £(2A, ),  is  £(2[A2  + A4)).  However,  the 
argument  of  part  (ii)  shows  that  I(2|A2  + A4|)  cannot  be  a summand  of  the  second 
socle  layer  because  £(A3  + As)  does  not  extend  any  of  the  composition  factors  of 

£(*i)®£(Ai). 

u)Ext^(£(A2),£(A2  + As))ao. 

The  only  simple  G-module  types  that  could  appear  as  composition  factors  are  £(2A2), 

£(2|A3  + As])- 

i)  HomG(£(2A2),ExtJ;i(£(A2),L(A2  + As))) 


~ HomG(£(2A3),  Ext^  (£(A2),  i(A2  + A4))  ® i(2A,)) 


(as  Hoinc(£(A3),  L(\ j)  ® L(X,))  a A,) 


3!  Extg(£(Aj  + 2A3),£(Aj  + A4  + 2A,))  a 0, 

since  Aj  + 2A3  is  not  comparable  with  2Ai  + A2  + A4  in  the  (usual)  partial  order, 
ii)  Homof £(2[A3  + ^1),  Ext^,  (£(Aj),  £(Aj  + X,))) 

£ Homc(£(2A3),Ext{;1(I(A3),L(Aj  + A,))  ® L(2A, )) 

(as  Home(£(A3),  I(A*  + A»)  ® I(A,))  a Homc(£(A,  + Aj),  L( Aj)  ® £(A, ))  a k,) 

a Ext^(£(Aj  + 2A3),I(Aj  + A4  + 2A,))a  0, 

since  A2  + 2A3  is  not  comparable  with  2A3  + A3  + X4  in  the  (usual)  partial  order. 

v)Ext>?1(£(A,),£(Aj  + A4))aO. 

The  only  simple  G-module  types  that  could  appear  as  composition  factors  are  L( 2A4), 
£(2[A,  + Aj]). 

i)  Homc(£(2A4 ),  ExtJj, (£(A3),  £(Aj  + X,))) 

2 Homc(£(2A3),  Exte,(£(A3),  £(A2  + A4))  ® L(  2A«)) 

(“  Homc(£(A3),£(A4)  ® £(A,))  a i.) 

a ExtJ;(L(A3  + 2A3),  L( Aj  + X,  + 2 A,))  a 0, 

since  3A3  is  not  comparable  with  A2  + 3A4  in  the  (usual)  partial  order. 

ii)  Homc(£(2(Ai  +A3]),ExtJ,i(£(A3),I(A,  + A4))) 


a Homc(£(2IA,  + A2)),Ext^(£(A3),I(A2  + X,))  ® i(2A,)) 


(as  Homc(  £(Ai  + A2),  I(Aj  + A3)  ® £(A4))  a A,) 


a Ext^ifAj  + 2[A,  + Aj]),  £(Aj  + A4+2A4))aO, 

since  2Aj  + 2A2  + A3  is  not  comparable  with  A2  + 3A4  in  the  (usual)  partial  order, 
w)  Ext^(£(A,  + A4),  £(A2  + A4))  a 0. 

The  only  simple  C-modulc  that  could  appear  as  a composition  factor  is  £(2Aj). 
i)  Homc(£(2A,),ExtJ;i(£(A,  +A4),£(A2  + A4))) 

2 Homc(£(2A2),  Ext^(f.(A|  + A4),  £(A2  + A<))  ® £(2A4)) 

(as  HomG(£(A2),  £(Aj)  ® £(A4))  a A,) 


3!  Ext^WA,  + A,  + 2A2),£(A2  + A4  + 2 A,))  a 0, 
since  Aj  + 2A2  + A4  is  not  comparable  with  A2  + 3A4  in  the  (usual)  partial  order. 

x)  Ext^WA,  + Aj),  I(A2  + AO)  a 0. 

The  only  simple  C-module  types  that  could  appear  as  composition  factors  are  i(2Aj), 

i(2[A2  + A4]). 

i)  Homc(£(2A,),ExtJ;i(£(A,  + Aj),L(A2  + A,))) 

S Homc(£(2A3),  Ext^(£(A,  + A,),  £(A2  + A4))  ® £(2A2)) 

(as  Homc(£(Aj),  £(A,)  ® £(A2))  a A,) 

a Ext^(£(A,  + Aj  + 2A3),  L(A2  + X,+  2A2))  a 0, 


s not  comparable  with  3A2  + A4  in  the 


since  Ai  + 3A3  is 


■ (usual)  partial  order. 


ii)  Homc(£(2|A2  + \i]),Exl'Gi(H\i  + Aj),I(A2  + A<))) 

2 Homc(L(2Aj),  Ext^(i(A,  + As),  £(A2  + A*))  ® £(2Aj)) 

(“  Homg(t(A3),  £(A2  + A4)®  £(A2))  2 Homc(I(Ai  + Aj),  £(A2)  ® £(A2))  2 k,) 

2 ExtJjWA,  + A3  + 2A3),  L(A2  + A<  + 2A2))  2 0, 
since  Ai  + 3A3  is  not  comparable  with  3A2  + A4  in  the  (usual)  partial  order. 

y)  Exto,(£(Aj  + A*),  i(A2  + A4))  2 0. 

The  only  simple  G-module  that  could  appear  as  a composition  factor  is  i(2A2). 
i)  Homc(L(2A2),  Ext^ (£(Aj  + A4),  i(A2  + A,))) 

=5  Homc(L(2A3),Ext{;l(I,(A3  + A4),i(A2  + A4))  ® i(2A,)) 

(as  Homc(I(A,),  £(A2)  ® I(A,))  2 *,) 

2 Ext^WAj  + ^ + 2Aj),£(A2  + X,  + 2A,))  2 0, 


since  3A3  + A4  is  not  comparable  with  2Aj  + A2  + A4  in  the  (usual)  partial  order. 

z)ExtJji(I(A1+A2),t(A2  + A4))2  0. 

The  only  simple  G-module  that  could  appear  as  a composition  factor  is  i(2A4). 
i)  Homc(L(2A4),  ExtJ,,(£(A,  + A2),I(A2  + A4))) 

2 Homc(L(2A3),  ExtJr.WAf  + Aj),  £(A2  + A,))  ® Z,(2AO) 


(as  Homc(I(A3),  L(\,)  ® L( A4))  2 *,) 


a ExtJy(i(A,  + As  + 2A3),  I(Aj  + ^ + 2Ag))  a 0, 


since  Ai  + A3  + 2A3  is  not  comparable  with  A2  + 3A4  in  the  (usual)  partial  order. 

«)E*tJJl(A,£(Aj  + A4))a0. 

From  the  fact  that 


fl1(Ci,tf0(A))<J*')  ar  iru/g(Hl(B,,A)(J'1)), 

we  obtain  H\GUH °(A3  + A4))<a",>  a 0.  However,  B»(Aj  + A4)  a £(A,  + A4). 
bb)  ExtJji(£(A1),£(A3  + A,))  S'  0. 

The  only  simple  C-module  that  could  appear  as  a composition  factor  is  £(2A3). 
i)  HomcWAjJ.ExtkWAO.^A,  + A4))) 

2 HomG(I(2A2),  Ext^(£(A,),  £(Aj  + A*»  ® i(2A<)) 

(as  Homc(£(A2),  I(A3)  ® £(A<))  a A,) 

a E*tJJ(£(A,  + 2Aj),  I(A3  + A<  + 2A4))  a 0, 

since  A]  + 2A2  is  not  comparable  with  A3  + 3 A 5 in  the  (usual)  partial  order. 

«)ExtJ,l(£(A4),£(A3  + A4))ao. 

The  only  simple  G-module  types  that  could  appear  as  composition  factors  are  £(2A4), 
Z.(2[Aj  + A3])- 

1)  HomG(£(2A4),E*tki(£(A4),I(A3  + A,))) 


a ExtJ.(£(A4  + 2A4),  £(Aa  + A,))  a 0, 
by  considering  the  Weyl  module  V(3A4). 


ii)  Hom<;(Z,(2[A,  + A3]),ExtJ?1(£(A4),I(Aj  + A*))) 


S HomG(L(2(Al  + A2)),  ExtJ;1(£(A4),  £(Aj  + A^)  ® L(2A4)) 

(u  Homfl(I(Ai  + A2),L(Ai  + A3)  ® £(A())  “ *,) 

a ExtJ;(£(A«  + 2)A,  + A3]),  £(A3  + A4  + 2A4))aO, 
since  2Ai  + 2A3  + A4  is  not  comparable  with  A3  + 3A4  in  the  (usual)  partial  order. 

dd)ExtJ7i(£(A3),£(A3  + A4))aO. 

The  only  simple  G-modules  that  could  appear  as  a composition  factors  are  k and 
i(2[Ai  + X,)). 

i)  HomG(t,ExtJ;l(£(Aj),£(A3  + A4))) 

aExtJ!(I,(AJ),£(A3  + A4))aO, 
by  considering  the  Weyl  module  V(A3  + A4)  a £(AS  + A4). 

ii)  Homc(£(2[A,  +A4]),ExtJji(£(A3),£(A3  + A4))) 

2 HomcftpiA,  + Aj]),  ExtJ;,  (£(Aj),  £(A3  + A4))  ® £(2A3)) 

(as  HomcflfA!  + Aj),  £(Ai  + A4)  ® £(A3))  a A,) 

a ExtJ,(i(Aj  + 2[A,  + Aj)),  I(Aj  + A,+  2Aj))  a 0, 
since  2Aj  + 3Aj  is  not  comparable  with  3A3  + A4  in  the  (usual)  partial  order. 

ee)Ext^(£(A3),£(A3  + A4))aO. 

The  only  simple  G-module  type  that  could  appear  as  a composition  factor  is  L(2Aj). 


i)  HomG(£(2A2),E*t^(I(A3),I(Aj  + X,))) 


a ExtJ,(£(A3  + 2A2),  I(Aj  + A*))  a 0, 
by  considering  the  Weyl  module  V(2A2  + Aj). 
ff)Ext*,i(i(A,+A,),I(A3  + A4))ao. 

The  only  simple  G-module  types  that  could  appear  as  composition  factors  arc  £(2A] ), 

i(2[A2  + A,J). 

i)  Homc(I(2A1),  E*t^(i(A,  + A4),I(A3  + A,))) 


a Ext{,(£(A,  + A<  + 2A, ),  £(Aj  + A4))  a A, 
by  considering  the  Weyl  module  V(3Ai  + A4). 

u)  Homc(I(2[A2  + As]),  Ext^(£(A,  + As),L(A3  + As))) 

=5  Homc(£(2(As  + A*]),  ExtJ.,(I(A,  + As),  £(AS  + A4))  ® £(2Ai)) 

(as  Homc(£(A,  + A,),£(A2  + As)  ® £(A,))  a *,) 

a ExtJ;(£(Ai  + A4  + 2[Aj  + As]),  £(AS  + As  + 2A,))  a 0, 

by  considering  the  Weyl  module  V(A,  + 2A3  + 3As]). 

We  have  thus  shown  that 

socclExt^WA,  + As), £(A3  + As)))  a £(2Ai). 

Now,  the  only  type  of  simple  G-module  which  can  appear  as  a composition  factor  of 
E*‘o1W*l+*4).£(Aj+A4)),  and  which  extends  L(2Ai),  is  £(2[A2  + As]).  However, 
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the  argument  of  part  (ii)  .hows  that  £(2[Aj  + AO)  cannot  be  a summs 

of  £(A,)®£(Ai). 

gg)  Ext^  (£,(>,  + A,),Z,(A3  + >4))  a 0. 

The  only  simple  C-module  types  that  could  appear  as  composition  factors  are  £( 2Aj), 
£(2[A3  + A0). 

i)  Homc(I(2Aj),ExtJ;i(£(Al  + Aj),I(As  + A*))) 


a Hom0(I(2A,),Extfe1(I(A1  + Aj),£,(A3  + A4))®£(2A4)) 
(as  Hom<;(£(A0.£(As)  ® £(A0)  a k,) 


a Ext^(L(A,  + Aj  + 2A, ),  £(A3  + A4  + 2A4))  a 0, 


since  3A]  + A3  is  not  comparable  with  A3  + 3A4  in  the  (usual)  partial  order, 
ii)  Homc(L(2|A3  + A4)),ExtJ;i(L(A1  + A3),£(A3  + AO)) 

=5  Homc(£(2[Ai  + A4)),  Ext&,(£(A,  + Aa),  £(Aj  + AO)  ® £(2A,)) 
(“  Homc(L(2(A,  + A4]),I(A3  + A4)®  L(A3))  a *,) 

a Extg(I(A]  + As  + 2(A,  + A4)),£(A3  + \i  + 2A3))  a 0, 

since  3Aj  + Aj  + 2A4  is  not  comparable  with  3A3  + A4  in  the 
hh)  ExtJj/*, £(Ai  + A4))  a 0. 

From  the  fact  that 


(usual)  partial . 


Hl(Gt,  «°(A))<2_,»  ar  mdg(fll(fl,,  A)<2_'>), 


we  obtain  A,  + a 0.  However,  H°(\,  + A4)  a L(Xt  + A*). 

ii)ExtJj1(L(A1),i(A1  + A4))S!0. 

The  only  simple  G-module  types  that  could  appear  as  composition  factors  are  £(2A2), 
i(2[A3  + A4l). 

i)  Hom^(£(2A2),Ext^|(£(Ai),£(Ax  + A4))) 

S Homc(£(2A3),E*t{j1(I(A,),£(Ai  + A4))  (g>  £(2A3 )) 

(a.  HomolilAjJ.LfAjtSitAOJa*:,) 

a ExtJ,(£(A,  + 2A3),  L( Ai  + A4  + 2Ai))  a 0, 

since  Aj  + 2A3  is  not  comparable  with  3Aj  + A4  in  the  (usual)  partial  order. 

ii)  Homc(£(2[A3  + A4)),Ext^(£(A1),£(A1  + A,))) 

2 Hom0(£(2A3),Ext{;1(£(Ai),I(A,  + A*))  ® £(2A,)) 

(as  Homc(£(A3),  £(Aj  + A,)  ® L(A,))  a HomcfifA,  + Aj),  £(A2)  ® I(A,))  a A,) 

a ExtJ;(£(Ai  + 2A3),  £(A,  + A(  + 2A,))  a 0, 
since  A]  -f  2A3  is  not  comparable  with  3Ai  + A4  in  the  (usual)  partial  order. 

jj)  Ext^(£(A2),£(A,  + A4))ao. 

The  only  simple  G-module  types  that  could  appear  as  composition  factors , 

£(2|Ai  + A3)). 


:i(2A,), 


i)  Honk;(L(2A4),Ext^(I(Aj),i(A,  + A«))) 


2 Homc(£(2Aj),  ExtJj,  (£(A2),  £(A,  + A,))®  £(2A,)) 

(»  Homc(£(A3),  £(A4)  ® £(A<))  a k,) 

a Ext^(£(Aj  + 2Aj),£(A,  + A,  + 2X,))  a 0, 
since  A2  + 2A3  is  not  comparable  with  Aj  + 3A4  in  the  (usual)  partial  order. 

ii)  Homc(£(2[A,  + As]),E*t^1(I(A2),£(A1  + A4))) 

2 Homc(L(2[Ai  + A2)),  Extfe,  (£(A2),  £(Aj  + A4))  ® L(2A,)) 

(as  Homc(£(2(A,  + A2]),I(A,  + A3)  ® i^))  a *,) 

a Extk(£(Aj  + 2(A,  + Aj)),  L( A,  + A4  + 2A4))  a 0, 
since  2Aj  + 3A2  is  not  comparable  with  A[  + 3A4  in  the  (usual)  partial  order. 

kk)  ExtJ,i(t,£(A2))  a £(2A|). 

From  the  fact  that 


A))<a''>  a indg(H1(fl1,A)(2'1)), 

we  obtain  H '((?,,  «0(A2))<J'1)  a £(A,).  However,  «0(Aj)  a £(Aj). 

U)  Ext^(£(A,),£(A2))ao. 

The  only  simple  G-rnodulc  types  that  could  appear  as  composition  factors  are  /,(2A3), 
£(4A4),  L(2[A,  + A2]),  and  £(2|A,  + Aj  + A*]). 


i)  Homc(i(2A3),Extk|(£(Ai),I(AJ))) 


2 Homc(I,(2A2),  Ext'Cl(L{Xi),  £(A2))  ® t(2A4)) 

("  HonotHA,),  £(A3)  ® £( A,))  a!  *,) 

a E*t{K£(A,  + 2Aj),  £(Aj  + 2X,))3  0, 


since  A]  + 2A2  is  not  comparable  with  A2  + 2A4  in  the  (usual)  partial  order. 

ii)  Homc(i(4A4),Ext‘,i(i(A,),£(A2))) 

1 Homc(£(4A3),  Ext^,  (£(A,),  £(AS))  ® t(4A,)) 

(as  Homc(£(Aj),i(A4)  ®£(A4))  3 *,) 

S E*tJj(£(A,  + 4A3),  £(Aj  + 4A4»  a 0, 

since  Ai  + 4A3  is  not  comparable  with  A3  + 4A4  in  the  (usual)  partial  order. 

iii)  Homc(£(2[A,  + Aj]),  Ext^j  (£(A, ),  £(Aj))) 

2 HomG(£(2A2),  E*t^1(£(A1)1£(A2))  ® £(2A4)) 

(as  Homc(£(A2),  £(Ai  + A2)  ® £(A4»  a HomG(£(A3  + A4),  £(A3)  ® £( A4))  a *,) 

a Ext^(£(Ai  + 2A3),  £(A2  + 2A4))  a 0, 


: not  comparable  with  A2  + 2A4  in  the 


sinceA,+2A2  « 


(usual)  partial  order. 


iv)  Hom^I^A,  + A,  + Ah]),  Ext^(I(Ai),  £(A2))) 


S Hom^;(I(2[A,  + A,]),  ExtJ;,  (£(A, ),  £(Aj))  ® L(2Xt )) 

(“  HomcfLfAi  + A,),  £(A,  + A3  + Ah)  ® £(A,))  a *,) 

a Extg(i(A,  + 2[A,  + A,]),£(Aj  + 2A,))  a 0, 

by  considering  the  Weyl  module  V(3Ai  + 2Aj).  (We  have  that  2Ai  + Aj  ^ 3A,  + 2A3 
but  V(3A!  + 2A3)  has  no  composition  factor  isomorphic  to  I(2Ai  + Aj).) 
mm)  Ext^(i(AH),t(Aj))  a I(2Ah). 

The  only  simple  G-module  types  that  could  appear  as  composition  factors  are  £(2Ah), 
•£.(2|Al  + Aj]),and£(4Aj). 

i)  HomG(£(2AH),Ext';i(£(AH),£(A2))) 

a ExI(j(£(Ah  + 2Ah),  £(A2))  a A, 

by  considering  the  Weyl  module  V(3Ah). 

ii)  HomG(£(2[A,  + Aj]),  ExtJ,,  (£(Ah),  £(A2)»  a 0. 

We  have  that 

HomG(£(2A2),ExtJ;l(£(AH),I(A2))  ® £(2A3)) 
a Ext^(£(An  + 2A2),  I(A2  + 2A3))  a k, 
by  considering  the  Weyl  module  V(A2  + 2A3).  However, 


HomG(£(A2),£(AH)®I(A3))ai, 


that  if  ther 


Wl  + As))  it 


socle  of 


ExtJ^  (/.(A4),  £(A2)),  we  would  have  that 

dimi(HoniG(t(2A2),Ext^(t(A4),£(Aj))  ®i(2Aj)))  > 2, 

because  of  part  (i),  as 

Homc(£(A2),£(Ai  + Aj)  ® £(Aj))  a A, 

Homc(I(A2),£(A4)®£(Aa))at. 
iii)  Homc(£(4A2),Ext^i(£(A4),£(A2))) 

2 Homc(L(4A3), Ext^1(I(A4),  £(A2))  ® £(4A,)) 

(as  HomcWAj),  £(A2)  ® £(Ai))  a A,) 

a Extg(£(A^  + 4Aj),I(A2  + 4A[))  a 0, 

since  4A3  + A4  is  not  comparable  with  4Aj  + A2  in  the  (usual)  partial  order. 

We  have  thus  shown  that 

««c(E*t^(£(A4),£(A2)))  a £(2As). 

Now,  the  only  type  of  simple  G-module  which  can  appear  as  a composition  factor 
of  Ext^(£(A4),£(A2)),  and  which  extends  L(2A4),  is  £(2[A,  + A3]).  However,  the 
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argument  of  part  (ii)  shows  that  I(2[A1  + A3])  cannot  be  a summand  of 
socle  layer  because  £(A2)  does  not  extend  any  of  the  composition  factors 

£(A3)- 

nn)ExtJ!l(L(A,),f,(A3))aO. 

The  only  simple  G- module  types  that  could  appear  as  composition  factors  are  £(2A2), 
£(4A,),£(2|A3  + A4]),  and  £(2[A,  + Aj  + A4]). 

i)  Homc(£(2Aj),Extki(i.(A3),I(A2))) 

3 Homo(£(2A3),  Ext^(i(A3),£(A2))  ® I(2A,)) 

(»  Homc(i(A3),i(A2)  ® £(A,))  a k,) 

a ExtJ>(i(A3  + 2A3),£(A2  + 2A,))  a 0, 

since  3A3  is  not  comparable  with  2Aj  + A2  in  the  (usual)  partial  order. 

ii)  Homc(£(4A, ),  ExtJ;,  (i(A3),  I(A2))) 

~ Homc(I(4A2),ExtJ.l(£(A3),I(A2))  ® £(4A|)) 

(as  Homc(t(A2),£(Ai)  ® £(A[))  a *,) 

a ExtJj(£(A3  + 4A2),  I(Aj  + 4A, ))  a 0, 

since  4A2  + A3  is  not  comparable  with  4Ai  + A2  in  the  (usual)  partial  order. 

iii)  Homc(£(2[A3  + A,J),  ExtJj,(£(A3),  L(A2))) 

3 Homc(£(2A3),Ext^l(£(A3),  £(A2))  ® £(2A,)) 
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("  Hom<;(£(A3),£(Aj  + A4)  8£(At))  S'  HomG(X,(Ai  + A2),  £(A2)  ® L(X\))  a *,) 

a ExtJj(I(A3  + 2Aj),  t(Aj  + 2A,))  a 0, 

since  3A3  is  not  comparable  with  2A3  + Aj  in  the  (usual)  partial  order, 
iv)  Homc(£(2(A,  + Aj  + A4]),ExtJ,i(£,(A3),£(A2))) 

£ Homc(£(2(A2  + Aj]),  Ext};,  (£(Aj),  £(Aj))  ® £(2AS)) 

(as  Hom<;(£(A2  + Aj),  L(Ai  + Aj  + A4)  ® £(Aj))  a *,) 

a ExlJ;(Z,(A3  + 2|Aj  + Aj]),  £(Aj  + 2Aj))  a 0, 

by  considering  the  Weyl  module  V(2A2  + 3Aj).  (We  have  that  A2  + 2A3  K2A2  + 3Aj, 
but  V(2Aj  + 3Aj)  has  no  composition  factor  isomorphic  to  £(Aj  + 2A$).) 

00)  Ext'.i(i,£(A1))aO. 

From  the  fact  that 

/f,(G1,tf°(A))<J~1)  a indg(fl1(Bl,A)<a'1>), 

we  obtain  tf1(G1,fftl(A1))<,'‘>  a 0.  However,  tf°(Al)  a £(A,). 
pp)Ext};1(£(A4),£(A,))a0. 

We  have 

£(A,»  a Extg,(h, L(A,) ® £(A,))  a ff£,(i( A,) ® £(A,)). 
sition  factors  (with  multiplicities)  of  B^(M)  (for  any  G -module  M)  is  a subset  of 


the  union  of  the 
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c seta  of  composition  factors  of  Hq^L)  as  i ranges  over  the  compo- 
sition factors  of  M.  Therefore,  the  only  simple  G-module  type  that  could  appear  as 
a composition  factor  of  B^(L( A,)  ® £(A,))  is  £(2A,). 
i)  Homc(£(2A1),E*t^1(£(A4),£(A1))) 

=5  Homc(£(2A2),Ext};1(£(A4),£(A,))  ® £(2A,)) 

(as  HomG(L(Aj),£(Ai)  ® £(Ai))  a It,) 

a Ext{;(£ (A*  + 2Aj),  £(A,  + 2A, ))  a 0, 


since  2A2  + A4  is  not  comparable  with  3Aj  in  the  (usual)  partial  order. 

§4.2.  Extensions  for  (Pali 

We  now  compute,  using  the  same  method  as  in  the  preceding  section,  all  of  the 
quantities  Ext|j|(t,Af),  where  L and  M are  restricted  simple  modules.  Utilizing 
Lemma  3.1.1  together  with  Table  2-1  and  exploiting  the  symmetry  of  D4,  we  need  to 
list  only  9 such  computations.  We  also  use  the  fact  that  for  G = Aj,  Ext^  (I,  L)  = 0 
for  any  restricted  simple  module  L. 

»)ExtJ}i(L(d1),£(«2  + f,  + d4))a*. 

By  Lemma  3.1.1  and  Table  2-1,  the  only  simple  P-modules  that  could  appear  as 
composition  factors  of  Ext^W^.I^  + is  + i^)  are  A, /.(M,),  /.(2(«3  + 54)),  and 
H26t). 

i)  Hom0(A,  Ext^  (£(«,),  L(h  + h + «<))) 

- Hh  + <3  + 4s))  at  A 

by  the  structure  of  the  Wcyl  module  + 4S  + 6t).  (See  Table  5.1) 


ii)  Hoh.d(£(2*i),  Ext},, (£(<,),  £(4 j + <3  + 44))) 


— Ext^i,  + 24i,  £(<2  + 63  + 64))  3 0 

as  34]  is  incomparable  with  $2  + 63  + 64  (in  the  usual  partial  order.) 

iii)  Hom0(£(2|fj  + 44]),  Ext},,  (£(4,),  £(4j  + <3  + 44))) 

~ HomD(£(2(iS2  + 44|),  ExtJji(£(ii),  £(43  + S3  + 64))  ® £( 243)) 

(as  HomD(£(42  + 44),  £(<3)  ® £(<3  + 44))  3 i,) 

3 Ext}>(£(4i  + 2(42  + 44(),  L(Sj  + 63  + 64  + M3))  3 0, 

as  4i  + 2(42  + 44J  is  incomparable  with  42  + 43  + 44  + 24s- 

iv)  HomD(£(242),  Ext},,  (£(4,),  £(4j  + 4s  + 44)» 

S Hom0(£(2(41  + 42]),  Ext  {,.(£(4,),  £(4,  + 4j  + 44))  ® £(2[4S  + 44])) 

(as  Homfl(£(4i  + 62),  £(4 2)  ® £(43  + 44))  3 *,) 

3 Ext},(£(41  + 2(4,  + 4j]),  £(4j  + 4j  + 44  + 2(4j  + 44]))  3 0 

as  4,  + 2[4i  + 42))  is  incomparable  with  42  + 43  + 64  + 2[43  + 44], 

Thus,  we  have  soc(Ext},,(£(4i),£(42  + 43  + 44)))  3 k.  Now,  the  only  simple 
/7-modules  that  could  appear  in  the  second  socle  layer  are  isomorpbs  of  £(242)  (since 
Ext},(i,i),  Ext{,(£(4,),i),  and  Ext},(£(43  + 44),i)  am  all  aero);  however,  the  ar- 
gument above  shows  that 
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Hom{)(£(2<a), Extj^ (L(S\), Ufa  + S3  + i<))/»oc(ExtJj1  (£ (<1 ), I(fj  + i3  + i4)))  3 0, 

because  Ext  >,(£(«s  + S4),  L(St  + S2))  3 0. 

b)  Exl'Dt(L(&3  + f4),  L(h  + S3  + «4))  * 0. 

The  only  simple  /^-modules  that  can  appear  as  composition  factors  are  h, L(2S\), 
and  £( 24j). 

i)  Hom0(b,  ExtJ^ (£(«j  + 4<),  £(4j  + S3  + St))) 

- Ext}j(£(i3  + S4),  L(S}  + 63  + 6t))  S'  0, 
by  the  structure  of  the  Weyl  module 

^(*2  + ^3  + ^4)  £ + £j)  ® V”(4|)  S!  L(6j  + 63)  ® L(64) : 


Horn D(  £(*,),  L(h  + S3)  ® L(S4))  S'  Homfl(£(da  + 63),  £(«i)  ® L(S4))  S'  0, 

so  that  the  unique  composition  factor  of  lf(fj  + fj+  64)  isomorphic  to  £(£3  + S4) 
must  lie  in  Rad2(  V(fc  + S3  + S4)),  i.e., 

V(Si  + 63  + S4)  31.(63  + 63  + f4)//£(«i)//£(*3  + *4)  is  uniserial, 
ii)  Homi)(£(Mi),  Ext},,  (£(dj  + S4),  L(St  + 63  + S4))) 

5!  ExtJ,(£(«3  + S4  + 2f , ),  £(<2  + S3  + f4))  S'  0, 
by  the  structure  of  the  Weyl  module  V(«3  + «4+Wi)C  V'(63  + 2ii)®  V(tf4),  which 
has  a filtration  (£(ds)  ® £(d4))  ® £(2«, ) 

£(<2  + 4j)  ® £(44). 
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The  multiplicity  of  £(4j  + 63  + 44)  as  a composition  factor  of  this  filtration  is  easily 
checked  to  be  equal  to  one,  while  the  multiplicity  of  £(4,)  is  2.  On  the  other  hand, 
we  have  V'(«2  + «3+«4)  £ V(42+4j)®V(44)  3!  £(4j+4j)®£(44).  As  £(42  + 43  + 44) 
is  indeed  a composition  factor  of  V (43  + 44  + 24)),  and  since  its  multiplicity  in 
V(4a  + 24,)  ® V(44)  is  one,  we  must  have  V(4j  + 4,  + 4,)  C K(4j  + 4,  + 24,). 
Since  the  multiplicity  of  £(4,)  in  V(S3  + 44  + 24,)  is  exactly  two,  we  obtain  that  the 
first  Jantzen  layer  of  V(4s  + 44  + 24,)  (which  consists  of  2 composition  factors  of 
£(4,),  and  one  factor  of  £(4 2 + 43  + 44),)  must  be  uniserial.  Otherwise,  there  would 
exist  a submodule  Af  of  K(43  + 44  + 24,)  containing  a composition  factor  isomorphic 
to  £(4j  + 43  + 44)  and  no  composition  factors  isomorphic  to  £(4,).  The  image  of 
V($i  + 43  + 44)  under  the  canonical  map  to  V(43  + 4,  + 24,  )/Af  would  then  be  zero 
because  the  multiplicity  of  £(4j  + 43  + 44)  as  a composition  factor  of  V'(4j  + 44  + 24,) 
is  one.  Thus  we  would  have  V(4j  + 43  + d4)  C A/,  which  is  absurd. 

iii)  HomD(L(24j),Extj,i(£(43  + 44),£(4j  + d3  + 44))) 

a Ext },(£(43  + 44  + 242),  £(42  + 4j  + 44))  S 0. 

We  consider  the  Weyl  module  V(4a  + 44  + 242).  The  multiplicity  of  £(4 2 + A3  + 64) 
as  a composition  factor  is  equal  to  one,  as  is  that  of  £(4,  + 42  + 243).  We  also  have 

V'fo  + 44  + 24j)  C V(4j)  ® V(44  + 24j)3r  £(4,)  ® V(44  + 24j). 

A quick  check  of  the  filtration  factors  of  £(4j)  ® V(44  + 242)  ‘hat  result  from  the 
composition  factors  of  V(44  + 24'j)  shows  the  multiplicities  of  £(42  + 43  + 44)  and 
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L(6l  + $2  + 2£a)  be  “I  and  1 respectively,  ell  occurring  inside  of  a submodule  which 
is  isomorphic  to  £(6i  + 62  + 63)  ® £(63).  We  also  have 

V(*i  +«2  + 2«3)C  V(St  +42  + 63)®  V(6j)  a V(4,  +62  + 63)®  £(63), 

which  has  £(61  + 62  + 63)  ® £(63)  as  a homomorphic  image.  Let  M be  the  image  of 
^(61  + 62  + 263)  under  this  homomorphism.  In  particular,  M C ^(63)®  V'(64  + 262). 
We  note  that  M ■£  0,  since  the  kernel  contains  no  composition  factors  isomorphic  to 
£(6]  + 63  + 263).  Also,  Af  has  a composition  factor  isomorphic  to  £(6 2 + 63  + 64) 
(since  the  kernel  contains  no  such  composition  factor.)  Because  the  multiplicity  of 
£(61  + 62  + 263)  as  a composition  factor  of  V(63)  ® V(64  + 262)  is  one,  we  have  that 

MC\'(63  + 64  + 2A2). 

This  implies  that  the  unique  composition  factor  of  V(63  + 64  + 262)  isomorphic  to 
£(62  + 63  + 64)  must  occur  inside  Rad2(  1^(63  + 64  + 263)). 

c)  ExtJj, (£(6,  + 62),  £(62  + 63  + 64))  a 0. 

The  only  candidates  for  summands  of  the  socle  are  £(263)  and  £(264). 

Hom0(/,(26;i),  Ext  {^(£(61  + 63),  £(62  + 63  + 64))) 

=5  HomD(£(2[6j  + 64]),  Ext{,,  (£(6,  + 6j),  £(6j  + 63  + 64))  ® £(2(63  + 64])), 

(as  HomD(£(62  + 64),  £(63)  ® £(6j  + 64))  a *,) 


Ext}j(£(6i  + 62  + 2(62  + 64)),  £(62  + 63  + 64  + 2(63  + 64]))  a 0, 


as  4,  + 62  + 2|<2  + 44]  is  incomparable  with  4a  + 4j  + 44  + 2(63  + <$4]  in  the  usual 
partial  order.  (L(2t4)  is  handled  similarly.) 

d)  Ext},,  (£(4,),  £(4,  + St))  S'  £(243)  ® £(24<). 

The  only  possible  isomorphism  types  of  summands  of  the  socle  are  k , L{26\ ),  £( 263), 
H2St),  L(26i),  i(2[<3+<4)),  £(2[4,+44)),  £(2[4l+4*|),  £(2[42  +43]),  and  I(2fo+«4]). 

i)  HomB(i,  Ext},,  (£(4i),£(4,  +62))) 

SExt};(t(d,)1I(<,+«s))S'0, 

by  considering  V(4[  + fj)  S £(4,  + 62). 

ii)  HomD(£(24, ),  Ext},,  (£(4, ),£(4,  + 4a))) 

«Ext};(£(d,+2f,),Z,(«1  + d2))aO, 

by  considering  V(34,). 

iii)  HomD(£(2i3),  Ext},,  (£(«,),£(«,  + 4a))) 

a Ext {,(£(«,  + 243),  £(4,  + 4a))  a k, 

by  considering  V(4,  + 243).  (Similarly  for  £(244).) 

iv)  HomD(£(242),Ext},,(£(4i),£(41  + 42))) 
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S E*tJ,(£(<,  + 2«2),  L(S,  +«i))S0, 

by  considering  V(f]  + 24j). 

v)  Hom0(£(2[«,  + tfj),  Ext}^  (X(«g),  £(*,  + *,))) 


a Ext 'c(L(Si  + 2[«3  + «4l),  L(61  + St))  a 0, 
by  considering  V(St  + 2|dj  + £4]). 

vi)  HomD(I(2[«1  + d4]),Ext},i(i(d,),L(d,  +«j))) 

2 Homfl(L(2|«,  + «j|),  Ext  J,, (L(f ,),  L(S,  + Sj))  ® I(W4)), 
(“  Homo(i(6,  + h),L(6t)  ® t(i,  + f4))  a *,) 

a Ext^(i(«i  + 2|«i  + djl),  L{6,  + St  + 2i4))  a 0, 

by  considering  V(6i  + 2|«i  + St]).  (Similarly  for  i(2|d1  + ^3)).) 

vii)  Hom0(i(2fo  + d3]),  ExtJ,_ (L(6,),  L(6,  +62))) 

2 HomD(Z,(2(«1  + 42]),  Ext^  (I(i! ),  L(SX  + $,))  ® L(26t)), 
(as  Hom/j(L(di  + St),  t(<4)  ® L(6t  + S3))  a i,) 

a Ext^Ifdi  + 2[«,  + h\),  L(Si  + St  + 2S4))S0, 

by  considering  V(«i  + 2[i,  + «3]).  (Similarly  for  i(2[«2  + *4)).) 

We  have  thus  shown  that 


^(Ext/J,  (MS  1),  Mil  + St)))  a M2S3)  ® L{2Sa). 


105 

Now,  the  only  types  of  simple  D-modules  which  can  appear  as  composition  factors 
of  ExtJj,  (£(5,),  £(5,  + 52)),  that  extend  £(253)  or  £(254),  are  £(2[5,  + £4))  and 
mh  + <3])-  However,  the  argument  of  part  (vi)  shows  that  £(2[5  1 + 5J)  (similarly 
for  £(2[5,  + 53)))  cannot  be  a summand  of  the  second  socle  layer  because  £(5,  + £3) 
does  not  extend  any  of  the  composition  factors  of  £(54)  ® |£(5,)  © I(«4)|. 

<0  Ext  J,(  (£(5s  + S4),  £(5,  + Si))  a 0. 

The  only  possible  isomorphism  types  that  can  appear  in  the  socle  are  k , £(25,), 
£(25,),  £(254),  £(25j),£(2[5,  + S4]),  and  £(2[5,  + 53]). 

i)  Hompf  tr,  Ext Jj,  (£(5,  + 54),  £(5,  + 5,))) 


“ ExtJj(£(5,  + 54),  £(5,  + 5,))  a 0, 

by  considering  V(5,  + 5,)  a £(5,  + Si). 

ii)  Hom£)(£(25i),  Ext}ji(£(5,  + 54),  £(5[  + 52))) 


a Ext{.(£(5,  + 54  + 25,),  £(5,  + 5,))  a 0, 

by  considering  V(5,  + 5,  + 25,). 

iii)  HomD(£(253),Ext^(£(53  + 54),  £(5,  + 5j))) 


a Ext^(£(5j  + 54  + 25,),  £(5,  + 5,))  a 0, 
by  considering  V(53  + 5<  + 25,).  We  have 


^(35,  + 54)  C V(25,  + 54)  ® 1/(53)  a 1/(253  + 54)  ® £(5,), 


106 

which  has  a filtration  (L(S3)  ® l(6t))  ® £(243) 

i(«s)®I<«2  + f4). 


Hom0(i(«,+M4),£(^)®£(«s+i4))  S HomD(£(i2+i4+264),£(«,)®£(43))  S 0, 

while  L(63)  ® £(£4))  ® £(243)  has  no  composition  factor  isomorphic  to  £(4,  + 244). 
Thus  HomD(£(4,  +24,),  V{S3+Si+2S3))  a 0,  which  implies  that  RadJ(V(43+<4  + 
243))a£(4,+4j). 

iv)  HomD(£(24j),Ext{,i(£(<3  + 44),  £(4,  + h))) 

a E*tg(£(i3  + i4  + 24,),  £(4,  + 4,))  a 0, 
by  considering  V(43  + 44  + 242). 

v)  HomD(£(2[4,  + 44]),  Ext},,  (£(4,  + 44),  £(4,  + 42))) 

S HomD(£(2[42  + 44]),  Ext},,  (£(43  + 44),  £(4,  + 4j))  ® £(2(4,  + 4a)), 

(since  Homo(£(42  + 44),  £(4j  +44)®  £(4i  + 42))  5§  0,  by  Lemma  3.4.3) 

a Ext}-(£(43  + 44  + 2[4j  + 44]),  £(4,  + 4j  + 2(4,  + 4,)))  a 0, 

as  43+44+2(42+44]  is  incomparable  (in  the  usual  partial  order)  with  4i+42+2[4i+42). 

0 Ext},, (£(4,),  £(4a  + 44))  a k ® £(24,). 

The  socle  candidates  are  *,  £(24,).  £(2«3),  i(244),  £(24j),  £(44x),  Z.(4«3>.  £(444), 
mh + 44]),  i(2[4, + 44]),  £(2[4, + 43]),  £(2|4,  + 4j]),  £(2(4a + 4s]),  £(2[4j + 44]),  and 
£(2(4,  + 43  + 44]). 
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i)  Hon.D(i,Ext{,|(I(«1),I(«3  + «4))) 

aExtk(I(*,),L(«3  + «4))S!*, 

by  considering  V(S3  + 6,). 

ii)  Hom0(£(M,),  ExtJ,,  (£(*,),  £(fj  + «4))) 

aExtJ;(i(M,),i(<3  + «4))ai, 

by  considering  V(3ii). 

iii)  HomB(£(%), Exl^(X(«, ),£(«,  + «4))) 

3 Ext{;(£(«i  + Ms),  £(<,  + 6,))  3 0, 
by  considering  V(S\  + 2S3). 

iv)  HomD(L(243),  Ext{^(I(fi).£«8  + «4») 

2 HomB(£(2[d,  + «2]),Ext^(£(<l),I(«3  + «4))®£(M1)), 
(“  £(fj)  ® £(<i)  3 i(f3  + i4)  ® £(f,  + Sj).) 

3 ExthWh  + 2[«i  + «2]),  L(Si  + <4  + M,))3  0, 

by  considering  V(di+2Ii,  + «3]). 

v)  HomD(L(4d,),Ext^  (£(«,),  I(dj  + «4))) 

3 ExtJ;(£(d,  + 4i, ),  L(i3  + «4»  3 0, 

by  considering  V'(Mi). 


i)  HomB(i(4f,),Ext^(I(<,),£(i3  + f4))) 


2 Hom0(£(4[4,  + 44]),  ExlJ^  (£(4, ),  £(4j  + 44))  ® £(44j)), 

(a»  L(h)  ® 1(h)  — m + 1,)  ® L(h  + h)-) 

sr  Ext'c(L(Si  + 4(4,  + «„]),  Lih  +J(  + 4<j))ao, 

88  54j  + 444  is  not  comparable  with  4^2  + 63  + 44  in  the  (usual)  partial  order, 
vii)  HomD(£(2|43  + 44)),  Ext^  (£(4,),  £(«,  + 44))) 

2 Horn />(£( 24s),  ExtJ,, (£(4,),  £(4s  + 44))  ® £(24,)), 

(as  HomD(£(42),  £(4, ) ® £(4j  + 44))  S Homx,(£(4j  + 44),  £(4,)  ® £(43))  S!  k.) 

S Extg(£(4i  + 242), Hh  + 44  + 24i))  a 0, 

by  considering  V(4i  + 242).  Suppose  the  first  Jantzen  layer  is  semisimple.  Since 
ExtJ,(£(42  + 4j  + 44),  £(4| ))  ar  i,  (and  Extj>(£(41),  £(4j))  a 0,)  we  would  have 

dimt(HomD(£(4i),  ^(<1  + 242)))  > 2. 

However,  V(6,+2h)  £ V(Si+h)®V(h)  S L(f,+h)«V(h),  which  has  a filtration 
£(4j  +h)@  Mh) 

2£(4,+4s), 

whence  V(S,  + 24j)  C £(4,  + 4j)  ® £(4j),  but 

Hont|,(£(4i),£(4i  + 4j)  ® £(4j))  a HomD(£(4i  + 42),  £(4,)  ® £(4j))  Sr  k. 
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Therefore,  (since  Jantzen  layers  are  self-dual),  the  first  .Jantzen  layer  must  be 


Ext£.(L(d,  + Mj),  £(d3  + d4  + 2di))  a 0. 

viii)  HomD(I(2[di  + d4])1ExtJ,i(i(d1),£(f,  + f4))) 

- Vx'cWl  + 2[«1  + *<]),  m + d4))  3!  0, 

by  considering  V(3Si  + 2d4). 

ix)  HomD(£(2[d,  + dj]),  Extk,(L(d,),  £(dj  + fi4))) 

2 HomD(£(2d2),  ExtJj, (tfd, ),  £(d3  + d4))  ® £(2d,)), 

(as  HomD(£(dj),  £(«,)  ® I(d,  + dj))  = Hom0(£(d,  + £3),  £(d,)  ® £(ds))  S k. 

9!  Ext J,(L(d,  + 2dj),  £(dj  + d4  + 2d,))  9!  0, 

x)  Honi£)(£(2|d2  + d3)), Ext^ (£(d!>, £(dj  + d4))) 

2 HomD(£(2[d,  + d4)),Ext{,l(£(di), £(dj  + d4))  ® £(2dj)), 

(as  HomD(£(di+d4),£(d2)®£(d2+d3))  S HomD(£(d2+d3),£(d2)®£(d,+d4)) 

- E<(I(di  + 2(dj  + d4]),  £(d3  + d4  + 2d2))  =!  0, 


3di  + 2d4  is 


able  with  2d2  + d3  + d4  in  the  (usual)  partial  order. 


no 

*0  HomD(£(2[ft  + ft  + tf4|),  Ext^Wft),  £(ft  + ft))) 

2 HomD(£(2[4,  + ft  + 44]),  Ext},, (£(ft),  £(ft  + ft))  ® £( 2|ft  + ft])), 

(as  HomD(£(ft  + ft  + ft),  £(4,  + ft  + ft)  ® £(ft  + ft))  t 0,  by  Lemma  3.4.4.) 

S ExtJ;(L(4,  + 2[ft  + ft  + ft]),  £(ft  + ft  + 2[ft  + ft]))  a 0, 

as  3ft  + 2ft  + 2ft  is  not  comparable  with  242  + 3ft  + ft  in  the  (usual)  partial  order. 
We  have  thus  shown 


“oco(ExtJj1(£(4I),  L(4]  + 4,)))  at®  1(24,). 

Therefore,  the  only  candidates  for  summands  of  the  second  socle  layer  are  possible 
composition  factors  of  Ext^  (£(4,),  £(ft  + 44))  that  extend  either  k or  £(24,): 

£(2ft),  £(2[4,  + ft  + ft]),  £(2[ft  + 44]) 

However,  the  argument  of  (iv)  shows  that  £(242)  does  not  appear  in  the  second 
socle  layer,  because  £(2[4,  +.ft])  does  not  extend  any  of  the  composition  factors  of 
|i®£(2ft)]®£(24,).  The  argument  of  (xi)  similarly  applies  to  £(2|4,  +ft+ft|),  if  we 
argue  more  carefully.  We  make  the  observation  that  ExtJ,  (£(4i),£(43  + 44))(s_l) 
must  decompose  as  a direct  sum  £ ® Af,  say,  where  £ contains  only  composition 
factors  with  highest  weight  in  the  same  linkage  class  as  zero,  and  where  M contains 
only  composition  factors  with  highest  weight  in  the  same  linkage  class  as  4,  (and 
k and  socD{U)  St  £(4,).  Now  we  argue  that  £(4,  +43  + 44)  cannot 


vith  socd(£)  a 


Ill 


appear  in  the  second  socle  layer  of  £ by  the  argument  of  (xi)  because  £(4,  +62 + 64) 
does  not  extend  t ® £(dj  + 63)  S'  £(4j  + 4j). 

We  must  argue  a bit  differently  for  £(2[43  + 44]).  To  show  that  there  are  no 
summands  isomorphic  to  £(2[43  + 44])  in  the  second  socle  layer,  it  is  sufficient  to 
show 

dimt(HomD(£(2[4,  + 4j)),  ExtJ*  (£(4,),  L(S}  + 44)) ® £(24j))) 

= dimt(Ext}>(£(4i  + 2[4,  + 62)),L(h  + St  + 2ij)))  < 2, 


Homfl(£(2[4,  + 42]), [i  ® £(24,)]  ® £(4j))  S'  *, 

HomD(£(2[4,  + 4j]),  £(2[43  + 44])  ® £(42))  S k, 
and  £(2[4i+42|)  does  not  extend  any  of  the  composition  factors  of  H-®£(241)|®£(42). 
We  consider  the  Weyl  module  V(34,  + 24s]).  Now, 

ExtJ,(£(4j  + 64),  £(44i  + 63  + St))  S'  Ext{j(*,  £(44i))  S'  Extjj(t,  £(4i))  = 0, 

Ext}j(£(4i  + 2[4i  + 42]),  £(44i  + 43  + 64)) 

St  Hom0(£(2[4|  + 42]), Ext{,1(£(4,),£(43  + 64)) ® £(44,))  St 0, 

by  considering  all  possible  composition  factors  of  Ext^  (£(4,),  £{43  + 44)).  We  con- 
clude that 

dimt(Ext{,(£(4,  + 2[4,  + 4j)),  £(4j  + 44  + 24j)))  < 1, 

since  the  first  Jantzen  layer  of  V(34,  + 242)  consists  of  2£(242  + 43  + 44),  1£(44,  + 
43  + 44),  at  most  1£(34,),  and  an  unknown  multiplicity  of  £(43  + 44). 


112 


The  remaining  nonzero  ExtJ^  modules  for  D\  were  calculated  by  Sin  [20]: 

g)  Ext^  (*,  USj))  a 2i  ® L( 24, ) ffi  L(263)  ® £(244). 

h)  Ext^  (i,  £(4,  + 4j  + 4„))  « * ® l(2Si). 

i)  ExtJ,,  (£(42),  £(4,  + S3  + 4<))  a k. 

§4.3.  Extensions  for  (Ca  1, 

From  Sin  [20]  and  the  commutative  diagram 

1 * G„  . G,  — ^ &T  , 1 

1“  Tu  II 

1 * T„  . v,  Gt  * 1 

we  obtain  that 

a H’(Gr,M) 

as  D-  modules  for  any  G-moduie  M (i.e.,  that  H’(DUM)  & rcsD\H’[GT,  Af  )(*>].) 
By  commutativity  of  the  diagram 

G G G 

T“  T"  1“ 

D D D 

and  the  fact  that  r o a is  the  Frobenius  map,  we  get  that 

•(£>!,  Af)<2_'>  a rc3p[H*(Gr,  A/)(r',)] 

The  5-term  sequence  that  results  from  the  Hochschild-Serre  spectral  sequence  for  the 
pair  (G,Gr)  is 

0 - Ext^(£(A),  Hom^(£(A°),  i(p*,))(T-1)  © £(p))  - Ext^(£(A),  £(/<)) 
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- Horn c(I(S),  Ext^  (Z(A°),  Z(/*°))(r"*>  ® £ (A)) 

- Ext&(i(X),  Home  (i(A0),  I(/.°))<r">  ® i(A))  -*  Ext£(Z(A),  £(/.)). 

We  now  use  these  facts,  together  with  the  information  gathered  in  $8.1,  to  calculate 
the  ext  groups  for  GT. 

LEMMA  4.3.1.  The  Ext ^ s for  G = Cq  are  as  follows: 
a)  +<SJ))(T’1)  Sf  k. 

h)  Eztg'(L(ui),L(wi  +U2))(r  l)  3!  l(u 4), 

e)  Ext^fifa^iforfr-)  * H°(w ,)• 

d)  Ext^'(L(&i),l(ui  +us))<r"‘)  a A. 

*)  BxtlQt(k'  £("1  + *3))<r'1>  Si®  £(US). 

f)  £xtfe'(k,l(w2))(r~')  * M ® £(0.4), 

where  M is  the  unique  (up  to  isomorphism)  uniserial  G-  module  with  composition 


I(u.,) 


Proof:  The  right  hand  sides  of  (a),  (b),  and  (d)  arc  the  unique  G-  modules  that 
restrict  to  the  appropriate  ExtJ^s.  Result  (c)  follows  from  consideration  of  the 
Weyl  module  Vfa)  (i.e.,  that  Ext^(i(w,),Z(u3))  =!  0.)  together  with  the  five-term 
sequence.  The  argument  for  result  (f)  is  similar,  by  considering  the  Weyl  modules 
V(uii)  and  V’(aj,).  Finally,  to  prove  (e),  we  observe  that  if  E = Ext^  (*,£( d>,  + 
d.3))(r  ) were  uniserial,  then  it  would  be  the  o-twist  of  a C-module  (namely,  either 


or  V'(ii2)W).  This  is  because  Ext^(t,  L(wj))  a * and  thus  there  is  a 
unique  (up  to  isomorphism)  uniserial  C-module  with  composition  series 

k I(wj) 

I(w2),  resp.,  k 

We  now  use  the  fact  that 

Horn D| (*,«{'>)  S!  (Hornet,  Af))W  (a  Home, (*,«<")] 

as  0-modules  (for  arbitrary  6-modules  M)  because  a maps  D\  (as  well  as  G i)  onto 
6r.  However,  we  know  that  the  restriction  of  E to  D is  split. 

54.4.  Socles  of  Tensor  Products  for  Ba  and  Ca 

We  need  several  more  lemmas  before  we  can  obtain  the  Ext^s  (and  Extls)  for 
B4  and  C4. 

LEMMA  4.4.1.  Let  /i,f  be  T-reslricled  weights  for  6 = C4.  Then 
0^(204,1(4)  ® i(v)) 


PROOF:  Apply  the  results  of  Chapter  3 together  with  the  fact  that 


Homp,  (*,  Af*"*)  a (Homg(it,  M))^ 


0-modulcs  (for  arbitrary  6-modules  M).  . 


LEMMA  4.4.2.  Let  M be  any  composition  factor  of  E = Erf^  (Z(/i®),  L(|/^))(T_1)( 
where  p°t  are  any  /too  r -restricted  weights.  Then  if  A,  /?  is  any  pair  of  8-restricted 
weights  for  G,  then 

Homcx(HX),M  % L[»)) 

is  G-lrivial. 

PROOF:  This  follows  for  M = k,L(u>i),  and  /.(wy),  by  Lemma  4.3.2,  and  Lemma 
3.4.1,  since  these  are  all  o-twists  of  G-modules.  For  these  cases,  writing  A = A°+irA1 
and  0 = j8°  + <r^*,  we  have  that 

Homo^ifA),  M ® L(/3)) 

3 [Homc.(L(A°),  L(0°))  ® //om^oA1),  M ® Lfa^1))]0' 
a Homc.^A0),  L(ffl))  ® Homc.WoA1),  Af  ® £{<r0')), 
since  Homc.MA0),  L{0>))  is  either  zero  or  k. 

If  M = £(w 4),  we  have  in  fact  that 

HoniC,(£(A),£(u>4)  ® HP)) 

a [Homc,(£(A0),  £(<*,)  ® L(0°))  ® tfomfLfoA1),  tfe/l1))]0- 
- Hom<;o(/,(A0),  £(tv4)  ® L(/50))  ® Homc^ifaA1),  £(o’/31)), 

HomG,(i;(A«),£(«4)®£(^0)) 

is  either  zero  or  trivial. 
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LEMMA  4.4.3.  Let  E = Ex /A  (L(/l^),  L(t'Q))(r  ),  where  /i®,  if*  are  any  two 
r -restricted  weights.  Then  if  X,0  is  an*  pair  of  2-restrictcd  weights  forG,  then 


HomG,{L(\),E<aL(0)) 


PROOF:  The  C-composition  factors  of  Hom^  (£(A),  E ® L(0))  form  a subset  of  the 
composition  factors  of  Homc,(£(A),  M ® L(0))  as  M ranges  over  the  composition 
factors  of  E.  Now  use  the  preceding  lemma  and  the  fact  that  ExtJjft,  k)  = 0. 

Finally,  we  make  the  observation  that  the  ExtJ^s  for  G = B\  are  completely 
determined  by  the  fact  that  L(wg)  is  injective  for  G„  and  Ext {•„(*>*)  — £(wi).  The 
latter  remark  follows  from  the  well  known  fact  [2,  7]  that  for  G = C4, 

Ext^(t,i)(J"')  a £(£.,) 
and  the  five- term  sequence  for  the  pair  (6i,6r). 


CHAPTER . 


MODULE  EXTENSIONS  FOR  THE  ALGEBRAIC  GROUPS 

§5.1.  Final  Extj.  Computations  for  the  Algebraic  Groups 

We  are  now  ready  to  compute  the  ExtJjS  for  the  simply  connected  algebraic 
groups  of  type  A),  64,  C4,  and  D4.  For  the  groups  of  type  D4  and  A4,  we  have  the 
following  result: 

Proposition  5.1.1.  Let  G be  the  simply  connected  algebraic  group  of  type  A,  (reap. 
Dg).  Let  X = £.2' A'  andp  = ZjVp>.  Then  Ext'c(L(X),  L(p))  = 0 unless  X—p  = 
2*(A*-p*)+2*+>(A*+l -p-*')  for  some  s > 0,  in  which  case  the  space  of  extensions 
can  be  found  from  Tables  5-1  to  5-S  (resp  Tables  5-3  to  5-6),  after  applying  the 
reduction  (obtained  from  the  5-term  Hochschild-Serre  sequence): 

Ext};(L(X),L(p))  as  Ext'c(H A*  + 2A*+1),  L[p‘  + 2p*+')) 

3 ffomc(£(A*+l),£t(J;1(i(A*),i{p'))(s',)(8  L(p’+')). 

Proof:  Each  of  the  E = Ext^  (£(A*),  L(p*))<2'')  for  these  groups  have  been  shown 
to  be  semisimple,  and  for  each  possible  simple  summand  M,  it  has  been  shown  that 
Homc^A.M  ® L(/i*+1))  is  G-trivial  (by  considering  the  dimension  of  the  smallest 
nontrivial  G-module)  for  every  simple  2-restricted  G-module  A.  Thus, 

Homc(L(A*+1  + 2A),  E ® L(/i*+1  + 2p)) 

3 [Home,  (L(A*+‘  ),£®  L(p,+l ))  ® Hom(L(2A),  L(2p)))a 
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= HomC|(I(A*+,),£  ® £(p*+1))  ® Homc(L(2A),£(2p)), 
>nvenience  in  notation,  we  have  adopted  the  abbreviations 


S = £2*A*«+'f  p = g2V+2+i. 

PROPOSITION  5.1.2.  Let  G be  the  simply  connected  algebraic  group  of  type  C\ . Let 
* = £;2''(AJi  + rA2i+1)  and  p = E^p2*'  + rp2i+1).  Then  Extfe(l{X),L(p))  = 0 
unless  A — p = 2*(A2*  - p2*  + r[A2*+‘  - p2*+>])  + 2*+‘(A2(*+I)  - p2(«+l))  /or  SOme 
a > 0,  with  A2*  ^ p2*,  in  which  case  there  are  S different  situations  to  be  considered : 

a)  U * 1 , A2*-1  — p2*-1  = 0,  and  A2*  is  in  a different  congruence  class  (with 
respect  to  the  root  lattice)  than  p2*,  then  the  extension  group  is  zero  unless  A2*+1  + 
*A2(*+»  = p**+l  +op2<*+'),  i„  which  case 

Ext'6(iW,  'Up))  a Hom6CH A2*),  Z(<i, ) ® Zip2*)), 

b)  In  all  other  cases,  i.e.  if 

ij«  = 0,  or 

ii)  s > 1 with  A2*"1  = p2*-*  = «4,  or 

iii)  s > 1 with  A2*  1 - p2*-*  = 0,  and  A2*  is  in  the  same  congruence  class  than 

Bztl6(U\),L(p)) 

a Homc(H A2**'  + oA2<*+1>),  £ri^(Z(AJ*),Z(p2*))(T‘‘)  0 Ifp^1  + op2^))). 

PROOF:  First  of  all,  if  the  smallest  integer  k such  that  A*  ^ p*  is  odd,  say  k = 2j + 1, 
then  upon  applying  reductions  obtained  from  the  5-term  Hochschild-Serre  sequences 


pair.  (6,6 r)  and  (G,G„),  (using  that  i(v«))  = 0 for  any  r- 

d weight  v°,  and  that  ExtJj,(i,  *)(<’")  3 £(*,)  » in  a different  congruence 


* Ext^Wg  2<-^>  + rrA^)),  X(g  V-W*  + .„*«>]),. 

(G,G»),  we  see  that  the  first  tern,  vanishes  because  of  A‘  * p‘,  and  that  the  third 
term  vanishes  because  one  of  A*,/  must  equal  u>4.  (Recall  that  L(u4)  is  injective 
for  G„:  this  was  shown  by  Steinberg  (21).) 

even,  say  * = 2s,  but  that  there  also  exists  j > 2(s  + 1)  with  V # „i.  Again, 
the  5-term  Hochschild-Serre  sequences  for  the  pairs  (6,6,)  and  (G,G„)  give  us  the 

Ext^(i(A),i(rt)  - Ext^(p'-[<rA*  + 2A«+1]),Z,(g2i-(n/,«  + 2„"+>])). 


of  A>  and  Lemma  4.4.2.  T 


Ext^(i(A),  LW)  3 Extl(l(p-[A“  + rA2*^*)), 2— (/,*'  + r^*])). 


ExtJ,(i(A),ZM)  a BxtjKKg^A*  + 2Aai«]),I(g2i-[^*  + 2„*+>])). 


- Ho me(i<x:  2'-'[A«  + rA««D,  2fe)  ®Z(g  2’- >* 

ch  vanishes  unless  A1'  = M‘  for  all  i > 2»  + 1,  by  Lemma  4.4.2. 


Ext^(Z(AJ*),L(^*))('-)® 
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PROPOSITION  5.1.3.  Let  G be  the  simply  connected  algebraic  group  of  type  Bg.  Let 
A,p  be  a pair  of  dominant  weights.  Then 

Extlc(L(X),L{p))  S»  Est'6(L(rX),l(rp)). 

PROOF:  This  follows  immediately  from  the  5-term  Hochschild-Serre  sequence  for  the 
pair  ( 6,6, ):  the  fourth  term  vanishes  since  Extl  (i,  1-)  = 0. 

The  reader  may  now  refer  to  the  tables  in  section  5.4  to  obtain  all  of  the  module 
extensions  for  B4  and  O4. 

We  now  compute  the  module  extensions  for  the  Lie  algebras  of  simply  connected 
/i,(  and  C4. 

Proposition  5.1.4.  Let  is  be  the  simply  connected  algebraic  group  of  type  Ct.  Let 
A = A0  + tA1  and  p = p°  + Tp1  be  2 -restricted  weights.  Then  Ext ^ (Z(A),L(p))  can 
be  computed  as  follows: 

a)  If  A0  = p®,  then  the  extension  module  is  zero  unless  A 1 = p*  = 0,  in  which  case 

En^i(L(A°),L(A0))ai(2u>1). 

b)  If  A®  p°,  then 

fir$i(Z(A),I(p)) 

3 Horned'),  Ext^(L(X0),l(p0))<r")  ® i(p*))M. 

PROOF:  This  is  an  immediate  consequence  of  the  5-term  sequence  for  the  pair 
(G'l,  GV),  and  the  structure  of  the  Ga  exts. 

Remark:  Because  of  the  special  nature  of  the  G,  exts,  the  hom-modules  in  (b)  can 
be  computed  easily  by  making  the  following  observations: 
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i)  Go  acts  trivially  on  any  Hoin^ , and  thus  any  such  hoin-module  must  be  the 
o-twist  of  a G-module.  However,  there  are  no  non-semisimple  submodules  of  any  of 

ii)  L(ut)  is  injective  for  Go,  and  thus  Ext^fifo)  ® L(oX),  L(ut)  ® Hop))  S' 
E*tg(i(A),I(/i))  by  the  live-term  sequence  for  (G,G,),  for  dominant  weights  A,p 
in  X(f).  In  particular,  note  that  we  have  Ext^ (£(A),  L(p))  = 0 for  all  composi- 
tion factors  £(A),  L(p)  of  the  non-semisimple  summands  of  the  (untwisted)  Gr  exts. 
However,  taking  Go  -horns  commutes  with  taking  direct  sums. 

Proposition  5.1.5.  Let  G be  the  simply  connected  algebraic  group  of  type  Bt.  Let 
X = A°  + ffA'  and  p=p°  + op'  be  2-rcstricted  weights.  Then  £U^(£( A),I(p))  can 
be  computed  as  follows: 

a)  If  A®  ± p°,  then  the  extension  module  is  xerv. 

b)  //A0  = /i0  = w4,  then 

£s&I(Z(A),I0i)) 

c) lf  A°=p°  = 0,  then 

0 

Ex^l(L(X),L{p)) 

SEriJjr(£(A‘),i(p1))<''), 

If  ere  in  the  same  congruence  class,  and 

») 

— Homg'(L(Xl),L{uii)  ® i(/i‘))<o) 


SHom6a^l),L^l)e>L(,i')) 


PROOF:  This  is  an  immediate  consequence  of  the  5- term  sequence  for  the  pair 
(Gi,Ge),  and  Lemma  4.4.2.  For  part  (c)(ii),  to  show  that  the  fourth  term  of  the 
5-term  sequence  vanishes,  we  use  that  St  H’(Gr,  M)  as  D-  modules  for 

any  G-module  M (cf.  §4.3  and  Jantzen  [12, 11  9.16b)). 

§5.2.  Ext  Computation  Tables  for  At 


Propositions  5.1.1  - 5.1.3  allow  us  now  to  read  off  all  of  the  extensions  for  the 
algebraic  groups  from  appropriate  tables  of  tensor  product  socles.  For  G = At,  we 


Table  5-1:  E = L(A,)  a Ext ^ (fc,£(Ai  + A2  + 
afixt^WAO^  + AdjC2-*) 
a ExtJjl(t,£(Aj))(**1) 
a Ext^(L(A,  + A2  + AS),L(A,  + A2))(J-‘) 
aExt^(£(A 


Table  5-2:  E = £(A2)  a Ext^(£(A2  + A4), 


Of  course,  no  table  is  needed  for  E = k a ExtJ^  ( k , £(A2  + A3))(2~') 
aExtJji(£(A2  + A3),i)(s'1) 

atExt^(£(A1),L(A2  + A4))(2"1) 

— ExtJ^LJAj  + A4),  £(Ai))(2”') 
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All  other  Ext^  modules  for  A4  are  cither  zero  or  duals  of  those  listed  above. 
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Table  5-2  E = £(A2) 


55-3.  Ext  Computation  Tables  for  Da 


We  record  the  following  tables  for  use  in  the  computation  of 
simply  connected  D4  (via  Proposition  5.1.1). 

Table  5-3:  E = L(S3)  ® L(St)  s>  Ext^  (£(«,),  1(5,  + 5j))(*"‘) 

Table  5-4:  E = k S>  L(6i)  S Ext^(£(<i),£(^  + 


Table  5-5:  E = 2*  ® £(«,)  ffi  I(53)  ® £(&,)  a Ext (*,  £(^))(*'‘ 
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Table  5-6:  B = k ffi  £(62)  S'  Ext^  (Jr,  £(6,  + 63  + 64))(2~'> 

Of  course,  no  table  is  needed  for  E = k = ExtJ^  (£(<2),  £(d,  +63  + «4))(2"') 

— Ext{,i(£(f,),£(<j  + 63  + «,))(*-’> 

All  other  Ext}^  modules  for  D4  are  either  zero  or  duals  or  images  under  the  graph 
automorphisms  of  those  listed  above. 


Table  5-3  E = £(63)  ® £(64) 


E®L(6 1) 
E®L(h) 
E&H62) 

E ® £(63  + 64) 

£»£(<!+ <4) 
EQUSi+S?) 

E®  £(63  + 63) 
E®  £(61  + 63  + 64) 
E ® L{&2  + 63  + 64) 
E®£(6| + 63  + 64) 

E ® Up) 


£(64)®  £(63) 

*®  £(61) 

£(6|  + 64)  ffi  £(62  + 63)®  £(61  + 63)  ® £(63  + 64) 

£(62  + 64)  ® £(62  + 63) 

£(62)  ® £(61  + 62) 

£(6|  + 63)  ® £(62  + 64)  ® £(6|  + 64)  ® £(62  + 63) 

£(62)  ® £(63  + 64)  ® £(61  + 62) 

£(61  + 62  + 64)  ® £(61  + 62  + 63) 

£(61  + 62  + 63)  ffi  £(6[  +62  + 64) 

£(61  + 63  + 64)  ffi  L(p)  ffi  £(62  + 63  + 64) 

£(61  + 62  + 64)  © £(61  + 62  + 63) 
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Table  5-4  E = k © Z(5i) 


product 

socle 

E®£(5,) 

£(5i)©* 

E®£(53) 

£(«3)ffi£(5 4) 

E®£(5 s) 

£(«2)®£(«3  + 54)®£(*l+<2) 

E ® £(53  + ^4) 

£(53  + 54)®£<52) 

E ® £(5j  + <4) 

£(5l  + {4)  ® £(52  + <4> 

B ® £(5j  + 

L(5,+<2)ffii(f2) 

B ® £(5j  + 63) 

£(5j  + 53)  ® £(5 1 + 53)  @ £(52  + 54) 

B ® £(5]  + 53  + 54) 

£(5l  + 53  + 54)  ® £(62  + 53  + 54) 

B ® £(5 j + 53  + <4) 

£(52  + 53  + 54)  © £(5i  + 53  + 54)  © £(/>) 

B ® £(5|  +52  + ^4) 

£(5,  + 52  + 5^)  © Z(5j  + 52  + 53) 

B ® £(/>) 

£(p)  © £(52  + 53  + 54) 

Table  5-5  E = 2k  ® £(5i) ® Z(53)  © L(6t) 


product 

socle 

E®£(5,) 

2£(5i)  © fc  © £(54)  © £(53) 

B®£(52) 

WK&'t’  + ,‘ls 

B ® £(53  + 54) 

2£(53  + 54)®£(52)® 

B ® £(5i  + 53) 

2£(5,  + 5s)  © £(52)  © £(5,  + 53)® 

B ® Z(5[  +53  + 54> 

2£(5j  + 53  + 54)  © £(52  + 53  + 54)© 

B ® £(52  + 53  + 54) 

2£(52  + 63  + 6a)  © £(5|  + 53  + 54)© 

B ® £(p) 

2£(p)  © £(52  + 53  + 54)© 
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Table  5-6  E = k © £(82) 


E ® L(6\) 

Esi  L{S a) 
E®H6z  + St) 
E®  £(81  + 83) 
£88(81  + 83  + 84) 
£88(82  + 83  + 84) 

e ® Up) 


£(81)88(83  + 84)88(81+82) 
2L(h)<Sk 

L(s3  + *4)3>Wi)ei(s,  + S2) 

2L(S]  + S3)  8 E(6\)  © £(83  + 84)  ffi  L(62  + 83 

2Z.(8i  + 83  + 84)  S L(p) 

21(8; + 83 + 84)  ffi  £(8, +83) 

3£(p)  88(81+83 + 84) 


§5.4.  Ext  Compulation  Tables  for  Bt  and  Ca 


The  following  tables  allow  us  to  use  Propositions  5.1.2  and  5.1.3  to  compute  all 
of  the  extensions  for  simply  connected  B4  and  C4. 

Table  5-7:  E = ExtJ,  (L(ui),l(u,  +W2))<r~‘> 


Table  5-8:  E = Ext^(I(«1),i(«,))(’-1) 


Table  5-9:  E = Ext^  (i,I(ua))(T"') 

Table  5-10:  E = Ext^  (b,  £(d>i  + W3))^r 

Of  course,  no  table  is  needed  for  E = k a Ext^  (8(0-2),  £(o>i  + d-s))^'1) 

a Ext^r  (£(«,),  £(0,1 + <5j))(>-1) 

All  other  Ext^  modules  for  C4  are  either  zero  or  duals  of  those  listed  above.  To  apply 
the  result  of  Proposition  5.1.2,  we  will  also  need  the  G -socles  of  tensor  products  of 


E = i(*i)  = Ext k#(t,  with  T-rcstricted  G-modules  (Table  5-11).  The  tables 

in  this  section  are  computed  using  the  results  of  Chapter  3,  the  fact  that 


Horn Dl(i, «<*’>)  a HomCl(*,A/<<r>) 


as  D-modules  for  (for  arbitrary  G-modules  M)  together  with  the  following  lemma. 
We  will  also  use  the  fact  that  L(w 4)  is  injective  for  Gff. 

LEMMA  5.4.1.  Let  M be  one  of  the  non-aemiaimple  E*tg  modules  listed  in  Lemma 
5.3. t.  Let  p,o  be  S-restricted  weights  for  G = Bg  which  are  a -twisted  (i.e.,  in  the 
span  of  the  fundamental  dominant  weights  corresponding  to  the  long  simple  roots). 
Then 


Homc(L{v),  M ® L(p))  S'  Homc(L{ v),  socc(M)  ® L(p)) 


Proof:  We  have 


Homc(£(i/),  M ® Up))  S!  Homc(/,(v)  ® L(p)’,  M). 


However,  L(v)  ® L(p)'  is  an  o-twist  of  so 
semisimple  submodules  which  are  cr-twists. 


" G-module,  whereas  M has  nc 


130 


Table  5-7  E = Ext^  (t(u>i),£(wi  +<5i))(T"‘) 
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Table  5-8  £ = ExtI  (Z,(wi),Z(u3))<t~') 


product 

G-soclc 

£®£(u*i) 

* 

£®£(w2) 

£(«1  +W2)  ® £(uig) 

E ® £(wg) 

£(w2) 

E ® £(w  i + uig) 

£(«s) 

E ® £(wi  + Wg) 

£(w2+"s) 

£ ® £(w 2 + W3) 

£(«1  + 0J3 ) ® £(«i  + wj  + <03) 

£ ® £(wi  + W2  + W3) 

£(«2  + ug) 

£ ® £(014) 

£(«4)®£(«i  +“4) 

£ ® L(w[  + W4) 

£(u>i  +u>4)®£(u>4) 

£ ® £(w 2 +1U4) 

£(«j  + W4)  ® £(wi  + wj  + W4)  ® £(103  +104) 

£®£(w3  +W4) 

£(uj  + W4)  ® £(u>2  + W4) 

£ ® £(ui  + + W4) 

£(u>i  + Ui  + W4)  ® £(uj  + W4) 

£®£(w  1 +U3+W4) 

£(iui  + U3  + 1*14)  ® £(«2  + W3  + 0)4) 

£ ® £(wj  + W3  + 104) 

£(^2  + W3  + W4)  ® £(wi  + W3  + W4)  ® £(/>) 

£ ® £(p) 

£(/>)  ® £(uj  + 103  + 1*14) 

Table  5-9  £ = ExtI  (£(*,£( uj))^1) 


product 

G-socle 

E ® I(u>i) 

£(wi ) © E(wl  + w4 ) 

£ ® £(102) 

£(u>2)  ® £ <W2  + U4) 

E ® i(w3) 

£(“ 3)  © £(“3  + “4) 

E ® £(wi  + uj) 

£(iui  + iuj)  ffi  L(ui  + W2  + W4) 

£®£(w  [ +«a) 

£(wi  + «3>  ® £(«i  + U3  + U4) 

E ® £ (us  + “j) 

£(W2  + «s)  ® £(W2  + 013  + M|) 

£®£(«  J +IU2  +“3) 

£(u>l  + W2  + U3)  ® £(/>) 

E®L(ut) 

k ® 2£(w4)  © £(wj  + W4) 

E ® £(ui  + «4) 

£(i*m)  © 2£(u]  +U4)  ® £(014) 

£ ® £(w 2 + 0/4) 

£(«2)  © 2£(tU2  + W4)© 

E ® £(«j  + 0)4) 

£(U3>  © 2£(u>3  + 1U4)  ffi  £(<u s + ut) 

E ® £(wj  + 1U2  + 0)4 ) 

£(w  1 + u?)  ffi  2£(wi  + + W4)  © £(ui2  + 1*14) 

£ ® £(wi  + U3  + W4) 

£(u>l  + W3)  © 2£(wi  + 013  + W4)  ffi  £(u>2  + W3  + W4) 

E ® X(w2  + W3  + W4) 

£(u<a  + U3)  © 2£(u»  + U3  +1U4)® 

E ® £(p) 

£(«1  + W2  + W3)  ffi  2 L[p)  ffi  £(402  + wg  + W4) 

Table  5-10  £ = Ext^  (L(k,L{w,  +U3))(r"') 


product 
E ® 1(wi) 
E ® £(0*2) 
E ® £(iua) 


G-socle 

£(u>i)  $ l(m3)  a L(iui  + wj) 

2£(uq)ffi* 

£(u>3)  ® Z-(m)  $ l(m  + ip;) 

2£(ui  + u>i)  ® t(uii)  ® L(uj)  ® £(wj  + wj) 


E ® L(u\  + u»2) 
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Table  5-10  (continued) 


product 

G- socle 

E ® i(u\  +W3) 

2£(wi  + uj)  ® L(u\  + wj  + U13) 

£ ® £(wj  + W3) 

2£(u2  + 013)  © £(wi  + wa) 

E ® £(u>i  + «2  + oq) 

3£(uij  + U2  + wj)  ® £(u>i  +103) 

A'  ® L(ut ) 

£(014)  ® £(“2  + “4) 

E ® £(e>i  + 04) 

£(“1  + 014)  ® £(«3  + U4)  ® £(u>i  +012  +014) 

£®£(w2  + “<) 

2£(u2  +W4)  ® L(w4) 

£ ® £(w 3 + 104) 

£(« 3 + “4)  ® £(wi  + W4)  ® £(o>i  + uj  + U4) 

£ ® £(«i  + u»2  + W4) 

2L(u>\  + wo  + ua)  © £(wi  + 014)© 

£ ® £(wj  + u>3  + (4/4) 

2£(wi  + 103  + mj)  © up) 

£ ® £(w2  + 013  + W4) 

2£(u2  + 013  + U4)  © £(wi  + W2  + 014) 

£ ® £(p) 

3£(p)  © L(u\  + 1^3  + U4) 

Table  5-11  £ = a £(£i) 


product 

6-socle 

£®£(£l) 

k 

£ ® Z(£ 2) 

£(£>1  +012)  © £(£13) 

£ ® £(013) 

£(£>j) 

£ ® £(£  1 + £2) 

£(£•2) 

£®  £(£  1 +1I13) 

£(£2  + £3) 

£®  £(<53+013) 

£(£>i  + £3)  © £(£1  + £2  + £3) 

£ ® £(£[  + £2  + £3) 

£(£2 +£3) 

CHAPTER  6 


1-COHOMOLOGY  OF  THE  FINITE  GROUPS 
§6.1.  ^-Restricted  “Mass"  of  a Module 

We  now  consider  the  problem  of  computing  1-cohomology  for  the  finite  groups 
of  rank  4.  Most  of  our  results  will  hinge  on  whether  or  not  particular  simple  modules 
appear  as  composition  factors  of  certain  tensor  products  of  simple  modules;  the  main 
tool  for  this  type  of  analysis  will  be  the  concept  of  module  “mass”,  as  first  introduced 
in  the  papers  of  Sin  (15, 16,  17,  18]. 

We  must  first  define  “mass”  for  modules  over  the  algebraic  group.  In  the  follow- 
ing lemmas,  we  let  G be  an  arbitrary  semisimple,  simply  connected,  algebraic  group 
over  an  algebraically  closed  field  of  characteristic  p.  Let  E = E„  = X(T)  ®z  R.  Fix 
some  / € E*  such  that  /(a,)  > 0 for  all  o,  e A (e.g„  we  may  take  / = (Ip,.), 
where  p'=  1/2  £ae»*  Q",  and  where  t is  the  torsion  coefficient  of  X(T)/Zt;  this  will 
ensure  that  m will  take  values  in  Z+).  Define  the  (p-restricted)  “mass”  of  a module, 
m(V)  6 R,  for  G-moduIes  V as  follows: 

i)  For  A = n=0  A-  6 X(T)+  (where  A|  € X,(T)  for  all  i),  we  let  m(A)  = 

EfeO  /(>.)■ 

ii)  Define  m(V)  = sup(m(A):  L(A)  is  a composition  factor  of  V.}.  (In  particular,  we 
havem(i(A))  = m(A).) 

In  the  notation  established  above,  if  we  define  the  mass  function  by  taking  / = ( p , •), 
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Lemma  6.1.1.  Let  A, A'  e AT(r)+,  with  A = EUA,  V = Ei=oP'^  («*"* 
Af,  Aj  € Afi(r)  for  all  i).  Then  m(£(A)®£(A'))  < m(A)  + m(Al)  with  equality  if  and 
only  if  A,*  + A f € Xi (T)  for  all  i,  in  which  case  L( A + A')  is  the  unique  composition 
factor  of  L(A)  0 L(A')  of  greatest  mass. 

Proof:  Case  1:  A,  A'  both  p-restricted. 

Suppose  V = L(o)  is  a composition  factor  of  L( A)  ® L( A').  Then  v * A + A'  in 
the  Z+A  (usual)  partial  order.  If  v = JJ  A ("i  € -Xi(T)),  then  we  have  m(u)  = 
E/(f t)  < Ef'/M  = /(*>)  < /(A+A')  = /(A)+/(A')  = m(A)+m(A')  with  equality 
if  and  only  if  v = vg  € Af](T)  and  v = A + A'.  Thus  m(L(A)®  L(A'))  < m(A)  + m(A') 
with  equality  if  and  only  if  n = A + A'  € Afi(T). 

Case  2:  {A,  A')  $ ATi(T). 

We  induct  on  the  quantity  m(A)  + m(A').  Write  A = Ao  + pA,  A'  = Aj,  + pA'. 
Since  mass  is  preserved  under  untwisting,  we  may  assume  that  Ao  + Aj,  0.  Also, 
we  have  A + i!  ? 0 by  assumption.  Now, 

m(£(A)  ® £(A'))  = m(£(Ao)  ® £(A J)  ® L(pX)  ® £(pA'))  = m(L(i/)  ® L(  </)) 

for  some  composition  fetors  L(v),  L( i/)  of  £( Ao)®£(A{,),  £(pX)®I(pA')  respectively. 
By  induction  then,  m(v)  < m(Ao)  + m(A{,)  and  m(./)  < m(pA)  + m(pA').  If  equality 
holds  in  both,  we  would  have  that  A,-  + A}  € Xi(T)  for  all  i,  that  L(v)  = I(A0  + A|,) 
and  L(i/)  = £(pA+pA')  are  the  unique  composition  factors  of  greatest  mass  of  £(Ao)® 
£(Aj|)  and  L(pA)®£(pA'),  respectively,  and  thus  that  L(A  + A')  = £(i»)®  I(i/)  is  the 
unique  composition  factor  of  £(A)®£(A')  of  greatest  mass  m(A+ A')  = m(A)+m(A'). 
Otherwise,  m(v)  + m(i/)  < m(A)  + m(A#),  so  that  the  induction  hypothesis  could 
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be  applied  to  L{i>)  ® L{v‘)  conclude  that  m(X( A)  ® L(A'))  = m(L(v)  ® i(i/))  < 

m(")  + m(‘/')  < m(A)  + m(A').  ■ 

In  the  following  corollary,  define  8 = { min  (m(,0))}.  This  quantity  will 

/»€X,(r)\{0) 

be  used  frequently  throughout  our  mass  arguments.  Observe  that  6 = 2 if  <3  = At, 
8 = 3 if  G = D,,  and  8 = 4 if  C = fl4. 

COROLLARY  6.1.2.  X\(T)  and  L(v)  is  a composition  factor  of  £(A)®£(A') 

«rf(A  1/  « JTitr),  then  m(X(v))  < m(A)  + m(A')  - (p - 1)  • 8 

PROOF:  Suppose  v = £i=0  p'v,  is  the  p-adic  expansion  of  u.  We  rewrite  the  in- 
equality from  the  proof  of  Case  1:  m(A)  + m(A')  - m(v)  = /(A  + A')  - £/("i)  > 
/(")  “ E /(*'■)  = Ep‘/(1'i)  - E/("i)  = Op1  - l)m(i/;)  > (p  - l)m(iq-)  for  some 
1 < * < r and  vt  yf  0,  by  assumption  on  n.  I 

We  may  also  define,  for  any  k € N,  the  ^-restricted  mass,  by  letting  m^fA)  = 
EfaoP^/tA,),  (and  extending  to  nonsimple  modules  as  in  (ii)  above,)  where 
r(i,  k ) is  the  least  non-negative  residue  of  i mod  k.  It  is  an  easy  exercise  to  check 
that  statements  analogous  to  Lemma  6.1.1  and  Corollary  6.1.2  hold  for  pt-restricted 
mass.  There  is  a natural  way  of  extending  the  definition  of  mass  to  G(n)-modules 
by  representing  the  simple  modules  as  restrictions  to  C(n)  of  <?-modules  with  2" 
-restricted  highest  weight;  it  can  then  be  shown  that  the  /^-restricted  mass  of  a 0 
-module  is  > to  the  pi-restricted  mass  (as  G(n)  -module)  of  its  restriction  to  G(n). 
Lemma  6.1.3.  Let  A = ££*  p’A,-  = A0  + pi,  p = pip,.  = p«  + pp,  v = 
E"=7  P,‘,i  = pv,  where  Aq  / po,  and  m(  A,-)  > m(p,-)  for  all  i = 1 n - 1 . //  i(A) 


L(n)  ® t(p)  = i(pP)  ® i(p), 


G(n)-modutes,  then  (pn -!)•»<  (m(p„)  _ m(A0))  + pim(i/i). 


*PO.£(A) 


WHA  -L(M)a[t(pi>)®X(pA)], 


composition  factor  of  r«c((l)(X,(U)),  for  some  non-p"-rcstricted  weight  u,  such  that 
I(w)  is  a G-composition  factor  of  L(u)  ® £(p).  This  implies  that 

mp"(£(A))  = gP'm(A()<rry.(£(u)) 

<mp.(KW)  + mp.(£(p))-(p»-l)* 

= 2 p'mC-f)  + E *’'"»(«) -(?"->)•» 

< E M»i)  + (m(po)  - m(A0))  + E Mk)  - (Pn  - 1)  • tf 
(P" -!)•«<  ("»(«.)  - m(A0»  + E Ate). 


let  i € AT.  Then  4,-  ® (0J,  ® e‘(j  ® . . . ® T}h  ® Sfl)  cc 
of  the  form  e;,  ® e*,  ® . . . ® rj,t  ® s#  with  |tf|  > 


to  of  N={0,l,...,n-l),  and 


+ 1 .if  A denote  any  of 


if  A denotes  any  of  ratc,  S.  Furthermore,  if  i € N \ (/i  U ■ • • U In  U R),  then 
(Si  ® S()  ® (0J(  ® ©|a  ® . . . ® r'u  ® S/j)  contains  no  composition  factor  of  the  form 
St  with  |T|  > |K|  + 2. 

B)  (A\  version)  Let  . . . , In,  and  R be  disjoint  subsets  of  N={0,l,...,n-1],  and 
let  i € N . Then  A,  ® (0/(  ® 6J3  ® . . . ® TJm  ® Sr)  contains  no  composition  factor 
of  the  form  8/j  ® 0J,  ® . . . ® rj,  ® Spy  with  /^j  > |/Z|  + 1,  if  A denotes  any  of 
0.0*,  A,  A*p,  A,  A*,  £,  E*,  and  no  composition  factor  of  the  above  form 

with  1#!  > |fi|  +2,  if  A denotes  any  o/r,r*,S.  Furthermore,  if  i € N \ (/j  U---U 
h*  U *),  "‘cn  ( Si  ® Si)  ® (0/,  ® ©J,  ® . . . ® rjM  ® Sr)  contains  no  composition 
factor  of  the  form  St  with  |T|  > |fl|  + 2. 

PROOF:  We  induct  on  the  quantity  m(A.)  + m(0^  ® ©J  ® . . . ® TJ  ® Sr).  If 
i ft  /[  U • • • U U R,  there  is  nothing  to  prove,  so  we  analyze  the  filtration  of 

‘4i®(®/,®0;J®-  ■ •®I'5,)®S/f)  = (y4i®T,-)®(©5i  ®. . .®Ty^(i)®. . .®. . .®T jH®Sj{), 

resulting  from  a composition  series  of  Ai  ® T,-,  for  each  choice  of  T corresponding  to 
the  various  possibilities  ■ € /j.i  € h,  etc...,  and  the  various  possible  choices  for  A. 
Inspection  of  Table  2-1  shows  that  the  resulting  filtration  factors  are  of  one  of  the 
following  7 forms: 

i)  Irreducible  of  the  form  0J,  ® 0;>  ® • • • ® rj.  ® Sri  with  |f?|  < |fl|  + 1. 

ii)  Of  the  form  A'.  ® (0J,  ® . . . ® Sr,)  with  J?  C R,  and  A'  ± I’"*',  S. 

iii)  Of  the  form  A'j  ® (0J,  ® . . . ® Sr.)  with  |fi'|  < |«|  - 1,  and  A1  = ro4c,  S. 

iv)  Of  the  form  A'j  ® (0J,  ® . . . ®Sr.)  with  Rf  = R,  and  A'  = ra4c.  These  only 
occur  if  A = ro6c,S. 

v)  Of  the  form  A'}  ® (8J,  ® . . . ® Sr.)  with  |«'|  = |fl|  + 1,  and  A'  ji  rokc,  S. 
These  occur  only  if  A = P’6',  S 
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vi)  Of  the  form  A|-+1  ® A"+J  ® (0J,  ® ...  ® Sri)  with  |/?|  = |/(|  - 1,  and 

a',a" 

vii)  Of  the  form  Aj+1  ® A"+i  ® (0J,  ® . . . ® S/g)  with  Rl  = R,  and  A',  A"  jf 
P’4',  S.  These  occur  only  if  A = 1’“*',  S. 

In  cases  (i)-(v),  we  have 


m(<4j)  + m(0“,  ® . . . ® S/g)  < m(Ai)  + m(0“i  ® . . . ® Sr), 
and  in  cases  (vi)  and  (vii),  we  have 

m(i4(+l)  + m(A"+t)  + m(0J,  ® . . . ® S/g)  < m(Aj)  + ® . . . ® Sr), 

by  Corollary  6.1.2. 

Thus,  we  may  apply  the  induction  hypothesis  (twice  if  necessary.) 

Finally,  to  prove  the  last  assertion,  we  examine  the  composition  factors  of  Sj®Sj. 
(cf.  Table  2-1)  We  observe  that  we  may  apply  the  first  assertion  of  the  theorem  at 
most  twice  in  succession  to  terms  of  the  form  Aj  ® (0;[  ® ©^  ® . . . ® rjH  ® Sr)  to 
obtain  the  result.  The  proof  for  G = At  is  similar,  with  T,  P playing  the  roles  of 
P**1.  , 

We  will  need  information  about  the  structure  of  the  module  Ai  ® Sr.  A restric- 
tion on  which  composition  factors  can  appear  in  the  head  and  socle  is  obtained  by 
determining  the  decomposition  into  (projective)  indecomposables  of  A,  ® Sr . In  the 
following,  P(M)  denotes  the  projective  cover  of  M. 

Lemma  6.2.2A  (04  version). 

n;0J®S/,a!/>(r?®S„v(j)) 

V r?  ® SN  S!  P(0f  ® ® 2P(Af  ® SNX{i])  ® 4P(A?  ® SN\li})  ® 4P(r?  ® 
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sH\m)  ® w(r?rf+i  ® s*\w+  „)  ® 2/>(rfr?+1  ® SrU,- i+1)) 

c)  /I,  ® Sr  a />(¥,.  ® Sr^j)  ® 2 Sr 

i)  *i®SNS!  P(p,-  ® SN\{i))  ® 6Sr  ® 2P(I?£|  ® SrV{i+1)) 

')  Af  ® Sr  a P(Af  ® SrV{i})  ® 2P(rf  ® swv{i|) 

II  Af  ® Sr  S P(Af  ® SrM,-,)  ® 2P(Af  ® Sr\W)  ® 4P(rf  ® s„NW) 


Let  A denote  one  of  the  restricted  module  types  0“, . . . , r*.  We  have 
dimt(Homic(B)(A{  ® Sr,  0J,  ® 0$,  ® . . . ® rfM  ® Sr) 

= dimt(HomtG(n)(Sw,  A’  ® (0?,  ® 0$,  ® . . . ® r}H  ® Sr)) 

= multiplicity  of  Sr  as  a composition  factor  of  A*®(0fi  S®/,®- . .®I/m®Sr)  since 
Sr  is  simple  and  projective.  The  result  can  be  nonzero  only  if  ■ € /l  U . . . /|4  U R 
unless  A = S (and  R = N\ (ij.)  We  therefore  wish  to  consider  the  filtration  factors 
of  (A*  ® Bi ) ® (0^  ® . . . ® ® . . . ® rjM  ® Sr)  resulting  from  composition 

factors  of  A'  ®£;  for  various  choice  of  restricted  module  type  B,  corresponding  to  the 
various  possibilities  i € /j , . . . i € /14,  t G R.  The  composition  factors  of  A*  ® Bi  arc 
of  the  form  n,-fl,*+ifl{.+2.  By  Lemma  6.1.3,  we  see  that  Sr  cannot  be  a composition 
factor  of  the  resulting  filtration  factor  unless  II  = S,  for  otherwise  we  would  have 

(2"  - 1)  • « < (m(n)  - m(S))  + 2m(fl)  + 4m(fT) 

= mj-(nninJ)  - m(S)  < m(,4)  + m(fl)  - m(S)  < 14, 


whereas  we  are  assuming  n > 2. 
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The  result  is  nonzero  only  if  /12  = {i}  (and  R = N\  {»}),  and  multiplicity  of  Sjy 
(0f  ® r?)  ® *8  equal  to  one. 


b)  /J  = r° 

The  result  can  be  nonzero  only  if  /j  = {«}  (and  R = N \ {>}),  f5  = {i}  (and 
R = N\  {•}),  lg  = {.}  (and  R = N \ {i}),  or  7la  = {.}.  If  /12  = i,  we  have  that  SN 
can  occur  as  a composition  factor  of  (rf®rf)®(0Ji  ®. . .®TJ,  . ..j®.  • .®rjw®5jj) 
only  in  those  filtration  factors  resulting  from  composition  factors  of  T4  ® T4  that  are 
isomorphic  to  Si,  5,0^+j , or  Si08+j.  p0r  the  latter  two  types  of  composition  fac- 
tors, the  argument  involving  Lemma  6.1.3  shows  that  S y can  be  a composition 
factor  of  the  resulting  filtration  factor  only  if  /j  = {i  + 1},  and  I3  = {i  + 1}  (and 
R = N\  {i,t  + 1}))  respectively. 


c-g)  The  arguments  are  the  same  as  those  in  a),b). 

h)  The  above  argument  involving  Lemma  6.1.3  is  applied  to  show  that  a nonzero 

result  is  obtained  only  if  i € /12,  and  then  applied  a second  time  to  the  filtration 
factors  6?+1  ® (0J1  ® . . . ® - ® I/,,  ® Sruj,))  to  show  that  a nonzero 

result  is  obtained  only  if  i + 1 6 /j2  (and  R = IV  \ (i,i  + 1}.) 

i)  Argue  as  in  h).  I 

Lemma  6.2.2B  (A*  version). 

a)  0;  ® SN  S'  P(T,  ® 5w\j  ,j) 

i)  r i®sN  sr  p(0,  ® sNXli))  ® 2P(A,-  ® sn(j))  ® 6P(r,-  ® sN\{i))  ® 2P(rfr,+1  ® 
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5*\{i,i+l)) 

c)  /!,'  ® SN  9T  P(*j  ® ffi  4 SN 

i)  ® SN  “ P(/.j  ® SN\{i))  ® 2P(¥j  ® SM{i})  ® 4 SN 

I)  Tf  ®SW  S'  P(Aj  ® 5wx(i))  ® 2P(E,  ® 5wn(iJ)  ® 3P(T,  ® Sw\(t))ffi  2P(ri+1  ® 
^W\{i+1}) 

g)  A;  ® Sat  a P(A,  ® Sjvy,,))  ffi  2P(r,  ® SNX{i)) 

h)  S,-  ® SN  as  P(Ej  ® 5W\((J)  ffi  2P(Tf  ® SNX{i}) 

Proof: 

The  proof  is  the  same  as  that  of  Lemma  6.2.2A.  I 

Lemma  6.2.2C  (Bt  version). 
a)  6,-  ® Sa,  S P((Tff),-  ® S^{l-j) 

V ri  ®SNS  P((0e)i  ® SWM,|)  ffi  2P((Ao)j  ® S^,,,)  ffi  4P((Ao),-  ® SNX{i))  ffi 
4P((r»)f  ® SWUi))®2P((ro)lEi+1  ® 5^,,^,,) 
c;  Pi®5wa  P((*<r)i  ® SWN{i))  ffi  2S/v 

d)  *,  ® S'  P((po),-  ® Swv{i))  ffi  6S„  ffi  2P((IV)i+l  ® S/v\{,-+i})  ® 2P(Ei+i  ® 
5P\{i+l)) 

Aj  ®swa  P((Ao)i  ® © 2P((IV)1-  ® Sn(il) 

/;  Aj  ® S„  as  P((Ao)j  ® 5wv(j})  ffi  2P((Ao)j  ® 5nw)  © 4P((r<r),  ® 5„\{i}) 

g)  Ej  ® SN  91  P(ffi  ® SWUjj)  ffi  2P((fur)i  ® SWUi))  ffi  6P((4o),  ® SWM,,)  ffi 

2P((*o)i(ro)1+1®SlVMli,+1))©2P(('I:<7)j£1+1®SWMlil+1|)®16P(E1+,®SWUi+1)) 

®8P((*<7),+1®5WN(j+1|)®2P((Ao)j+1®SWUi+1))ffi24P((ro-)j+1®5WMi+|})ffi 

2P(ri+l  ® 5W\{i+l))  ® MSN 

AjoiSS^BPtEjSS^jj) 

fJteaJiaSjvaiPtrj®^^) 


i)  (iv),-  ® sN  * Pie,-  ® sN\{i))  ® 2P(A,-  ® sN\{i])  ® 4P(A;  ® S/^pj)  ® 4P(r,-  ® 

SW\(i))  ® 2P(r iEi+l  ® 5«\{i,i+l)) 

k)  (<io)j  ®s„s  P(fi  ® 5WMi|)  ® 2 P(£(  ® Snw) 

l)  (*<7)| ® S„  Sf  P(w ® SN\(iJ) ® 6/>(E, ®S^(i,)® 2P(E,(IV)i+,  ® 5w\(i,1+i))ffi 
2P(£,Ei+l  ®SW\(l  i+,)) 

n>;  (Aff)j  ® Sr  S P(Aj  ® Sjv\{i))  ® 2P(fi  ® Sjv\(i}) 

n)  (Aff),-  ® SN  “ P(A,  ® 5w\(i})  ® 2P(A,-  ® Swv(i))  ® 4P(rf  ® SrX{i)) 

Corollary  6.2.3A.  (G  = Aj.J  Let  T C N = {0,...,n  - 1}  and  let  i € T. 
let  A denote  any  of  the  symbols  0o4c,  /i,  A'*4',  Aatc,  41.  TAen  Head(Aj  &Sy)  has  no 
constituent  of  the  form  0^  ® . . . ® rjw  ® Sr  tffflA  |/j  U • • • U /14I  > 1 . If  A denotes 
any  of  the  symbols  ra4c,  then  Hcad(Ai  ® S']')  has  no  constituent  of  the  above  form 
with  |/i  U - • • U /14I  > 2. 

COROLLARY  6.2.3B.  (G  = A,.)  lelTCN  = {0 n - 1}  and  let  i € T.  Let  A 

denote  any  of  the  symbols  0, 0*,  A,  A*,<i,  A,  A",  £,  £-,  'll,  T,  TV  Then  Head(Aj®ST) 
has  no  constituent  of  the  form  0/,  ® . . . ® TJ  ® Sr  with  |/i  U • • ■ U /M|  > 1.  If  A 
denotes  any  of  the  symbols  I\r*,  then  Hcad(Aj®Sr)  has  no  constituent  of  the  above 
form  with  |/j  U • • ■ U /14I  > 2. 

Corollary  6.2.3C.  (G  = B<.)  Let  T C N = {0,...,n  — 1}  an  dletieT.  Let  A 
denote  any  of  the  symbols  0,/i,A,A,*,<T,0<r,/iff,AiT,Aff.  Then  Hcad(Ai  ® Sj)  has 
no  constituent  of  the  form  0/,  ® . . . ® (IV), „ ® Sr  m<A  |/i  U •••  U /M|  > 1 . If  A 
denotes  any  of  the  symboh  £,  4V,  I",  IV,  then  Hcad(Aj  ® St)  has  no  constituent  of 
the  above  form  with  |/j  U • • • U /14I  > 2. 


PROOF:  Suppose  M is  a G -module  with  Headc(M)  having  a summand  of  the 

N = {0, . . . , n - 1}.  Then  by  induction  on  \V\,  we  have  that  Hcad(;(M  ® Sy)  has  a 
summand  of  the  above  form  with  |/i  U • • • U /j4|  = m-  (Choose  k 6 V,  and  consider 
the  separate  cases  * 6 fl,  k e U • • • U /14,  and  k jf  /[  U • • ■ U Jj4  U R.)  Thus, 
Hcadc(M  ® Sy)  has  a summand  of  the  given  form  with  |/y  U • • • U /14I  = m.  Now 
apply  Lemma  6.2.2. 

■ 

Corollary  6.2.3A.  (G  = D\.)  Assume  n > 3.  LetT  C N = {0,...,n  - 1} 
and  let  i € T.  Let  A and  A'  each  denote  any  of  the  symbols  Qa^c,n,Aabe,^atc. 
Then  HeadfAiA ® S'r)  has  no  constituent  of  the  form  0^  ® . . . ® fJH  ® Sr  with 
|/lU  -U/u|>2. 

Corollary  6.2.3B.  (G  = Af.)  Assume  n > 3.  LetT  C N = {0,...,n-l}  and  let 
i € T.  Let  A and  A'  each  denote  any  of  the  symbols  0,0',A,A*,g,A,A',E,£*,#. 
Then  Hcad(AjA'i+i  ® SyJ  has  no  constituent  of  the  form  0/,  ® . . . ® rj  ( ® Sr  with 
|/l  U - - - U 7i4|  > 2. 

Corollary  6.2.3C.  (G  = Bn.)  Assume  n > 4.  Let  T C N = {0, . . . , n - 1}  and 
let  i € T.  Let  A and  A1  each  denote  any  of  the  symbols  0,  p,  A,  A,  <r,  0ff,  po,  Atr,  Am 
Then  Ilead(AjA'j+l  ® Sy)  has  no  constituent  of  the  form  0/,  ® . . . ® (1V)jm  ® Sr 
with  |/i  U • • • U /14|  > 2. 


dimi(Hom/.c(n)(/l1/l'i+i  ® SN,  0°,  ® 0*,  0 ...  ® 1^,,  ® Sr) 


= dimt(Homtc(n)(Sw,  4J(A')J+1  ® (Q?,  ® 0{,  ® . . . ® ® Sr)) 
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= multiplicity  of  5jv  as  a composition  factor  of  /1*( A')*+,  0 (0Jf  ® ©{  0 ...  ® 
n.  ® Sr).  We  consider  the  filtration  factors  of  [A*(>1,)*+|  ® B,]  ® (0®  ® . . . ® 
® ...  ® TJm  ® Sr)  resulting  from  composition  factors  of  /t"(/l')‘+1  ® B, 
where  Bus  restricted  module  type  (possibly  B = k.)  By  2”  -restricted  mass 
considerations,  the  module  [^*(4/)|)®B  is  24  -restricted,  i.e.,  the  composition  factors 
of  <4J(j4#)*+|  ® Bi  are  of  the  form  By  Lemma  6.1.3,  with  the 

assumption  that  n > 3,  we  sec  that  Sr  cannot  be  a composition  factor  of  the 
resulting  filtration  factor  unless  11  = S.  Because  of  the  assumptions  on  A,  we  then 
have  that,  in  fact,  A'-  ® Bi  31  5j.  Thus,  the  same  argument  can  then  be  applied  to 
(•d,)’+l  ® (8°,  ® 0/j  ® . . . ® ®i/\{i)  ® • • • ® rjM  ® Sjijj,)).  This  will  show  that  we 
must  have  R = N \ {i,i  + 1).  The  proof  for  the  case  G = A<  is  similar.  If  G = B4, 
the  2"  -restricted  mass  considerations  only  guarantee  that  the  module  (A*(A')J]  g B 
is  25  -restricted,  so  that  the  assumption  n > 4 is  necessary  in  order  to  apply  Lemma 
6.1.3. 

§6.3.  Reduction  of  the  Problem 

We  show  that  the  1-cohomology  groups  for  the  finite  groups  vanish  in  a large 
number  of  cases.  The  following  lemma  is  a generalization  of  Alperin’s  induction  step 
([1])  which  follows  easily  from  the  long  exact  sequence  of  cohomology  for  kG(n). 
LEMMA  6.3.1.  Let  D be  any  kG(n)-modulc,  let  A,B  be  simple  kG(n)-modules,  and 
let  E be  any  simple  quotient  of  B®D.  Let  X(A,B)  denote  the  (unique  up  to  isomor- 
phism) kG(n)-module  with  head  isomorphic  to  A,  and  radical  isomorphic  to  a direct 
sum  of  d=  dimy(Ext^^(A,  B ))  copies  of  B.  Then  surjectivity  of  the  natural  map 


Ho^kClnM  ®D'£)  — H<””kG{n)WA,  B)  ® D,  E ) 
implies  that  dimt(ExtlGfnj(A, B))  < dim^Ext'^^A ® D,E )). 


In  our  applications,  we  will  prove  surjectivity  by  showing  HornKj^jJAT  (A,  B)  ® 
D,  E)  = 0.  In  most  cases  we  can  simply  check  that  A is  not  a composition  factor  of 

D‘®E. 

Lemma  6.3.2.  Ltt  l,  J be  subsets  of  N = {0,1,. ...n  - 1}  with  i f J.  If  G = A4, 
or  D4,  suppose  furthermore  that  either 

i)  l^l  > 1,  or 

ii)  |/AJ|  = 1,  ond/UJ  = (/fW)U{I}  wAerrl-le/n/. 

Then  Ext'tGM(ShSj)  = Q. 

A)(for  D4.)  We  may  assume  J £ / (as  S is  self-dual).  Let  k 6 N \ I.  We  prove 
that  dinn(ExtJC|nj(S/,S;))  < dimt  (ExtJ^^Spjji) , Syujj)))  using  Lemma 6.3.1; 
it  suffices  to  show  that 


HomiG(„)(X(S;,  Sj ) ® Sj,  Sj  a Sj) 

(-  HomiC(„)(A’(S/,Sj),(Si  ® Si)  ® Sj))  at  0. 

(The  result  then  follows  by  downward  induction  on  |/|,  as  S/j  is  projective.) 

Since  m(S)  = 14,  we  need  to  consider  only  those  filtration  factors  of  (Si  ® 
Si)  ® Sj  resulting  from  composition  factors  of  S g ® St  with  mass  > 14  (i.e., 
$i,  **M+1,  Ste^,,  *tA|»f1,  /.*#*+,,  SiPi+1,  S*Aj5f„  *i*i+1, 

' nod  Si+1,)  to  show  using  Lemma  6.1.1  that  S/  is  not  a composition  factor 
of  (Si  ® Si)  ® Sy.  With  the  exception  of  Si+i,  all  of  the  composition  factors  of 
Si®  Si  with  mass  greater  than  or  equal  to  14  are  of  the  form  Iltf!i+i,  with  II  ^ it. 
By  Lemma  6.1.3,  S;  cannot  be  a composition  factor  of  fli+i  ® (nt  ® Sj);  otherwise, 
we  would  have 


(2”  — 1)6  < (m(Il)  — 0)  + 2m(fl). 


However,  we  have  m(II)  + 2m(S!)  = m^IMl,)  < m^(S  ® S)  < 2 mj.(S)  = 28, 
but  we  are  assuming  n > 3.  This  reduces  us  to  considering  the  filtration  factor 
(Sfc+i)®5_f.  If  simple,  it  cannot  be  isomorphic  to  S;  by  the  hypothesis  of  the  lemma: 
(*  + 1)  — 1 = k t I n J,  by  assumption.  If  it  is  not  simple,  the  “only  if“  assertion  of 
Lemma  6.1.1  implies  that  it  has  mass  less  than  m(Sk+ [)  + m(Sj)  < m(S/). 

B)(for  B<.)  We  proceed  by  showing 

dimt(ExtJc,n)(S;,  Sj))  < dimt(ExtJG(n)(S,  ® <rt,  Sj  ® <r*)) 

< dimi(ExtjC(nj(S;Uji|,  S^ujj.})) 

for  arbitrary  k € N \ /,  using  St  a ak  ® £t.  The  first  inequality  wiU  follow  from 
Lemma  6.3.1,  if  we  can  show  that 

H°mtG(n)(X(S,,Sy)®oi, Sj ® ak)  (a  Homtc(n)(X(5,,Sy), (<x* ® ok) ® S,))  a 0. 

This  is  immediate,  as  m((ot®<rt)®Sy)  < m(<rt®<r*)  + m(Sy)  = 9+25|J|  < m(S,). 
The  second  inequality  will  follow  if  we  can  show  that  Homtc,n)(X(S;  ® ak,Sj  ® 
**)»£*)  = Homtc(„)(>:(S;®oi,Sy®irt),(£t®£i)®(Sy®<rl))  a 
0.  Here  we  observe  that  all  of  the  composition  factors  of  £t  ® £*  have  mass  less 
than  25,  except  for  £*<r*+i.  E*Pt+i,  *t(/«r)t+i,  St(e<r)i+1,  £*A*+1,  and  ***t+1. 
However,  all  of  these  composition  factors  are  of  the  form  ntfii+1,  with  n = £ or  *. 
(In  particular,  H k .)  Thus,  we  can  apply  an  argument  similar  to  the  one  used  in 

(A)  above.  If  S,  ® <rt  were  a composition  factor  of  nl+1  ® ((n<r)t  ® Sj ),  then  by 
Lemma  6.1.3,  we  would  have 


(2"  — 1)0  < (m(n<r)  — m(«r))  + 2m(fl). 
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However,  we  have  m(H)  + 2 m(fl)  = < m2»(2  ® 2)  < 2mj.(2)  = 40, 

but  we  are  assuming  n > 3.  The  result  follows  (as  in  A)  by  the  obvious  downward 

LEMMA  6.3.3.  Given  disjoint  subsets  /],... /M,  and  R,  with  Ix  U • U /M U R £ T 

for  some  subset  T C N = {0, 1 n-1),  with  at  least  one  ofh,...,IH  nonempty, 

then 

Ez‘kG(n)(ST' 0J,  ® • ■ • ® I/M  * Sr)  = 0, 

ifG  = D,,and 

£li*C(n)(Sr.  0/|  ® • • ■ ® (IV), M ® Sr)  = 0, 

ifG  = Bt. 

PROOF:  A)  By  Lemma  6.3.1,  it  will  suffice  to  show  that  Srr  is  not  a composition 
factor  of  (St  ® Sk)  ® e?,  ® . . . ® rjw  ® Sr,  for  k € N \ T.  We  consider  the 
filtration  that  results  from  a composition  series  of  Sj  ® S*.  Under  the  assumptions, 
m(0?,  ® ■ • • ® rf„  ® Sr)  + 14  < m(Sr).  Now,  we  observe  from  Table  2-1  that  the 
composition  factors  of  St  ® St  of  mass  greater  than  14  are  all  of  the  form  lltf!i+1 
with  Jljf*.  Thus  we  can  apply  Lemma  6.1.3  to  show  that  Sy  is  not  a composition 
factor  of  any  of  the  resulting  filtration  factors.  Otherwise,  we  would  have 

(2"  — 1)8  < (m(Il)  — 0)  + 2m(fl). 

ver,  we  have  m(H)  + 2m(n)  = mj.(nn,)  < m2.(S  ® S)  < 2mj-(S)  = 28,  but 


Howev 
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dimi(ExtJC(n)(Sr,  ©/,  ® . . . ® (IV)/I4  ® Sr)) 

< dimi(ExtJG(n)(S7’  ® E*>  0/,  ® - ■ • ® (To);,,  ® Sr  ® E*)) 

< dimttExlJ^^S^jj*},©,,  ® . . . ® (r*)/M  ® S«u(*))) 

for  k e N \ T.  The  first  inequality  will  follow  from  Lemma  6.3.1  if  we  can  show  that 
St  is  not  a composition  factor  of  (E^®E^)®6/1  ®.  ..®(IV)/14®5;j.  The  argument 
is  similar  to  the  one  used  in  (A).  The  composition  factors  of  E*  ® E*  of  mass  greater 
than  25  are  all  of  the  form  n*!lt+|  with  II  k.  Thus  we  can  apply  Lemma  6.1.3 
to  show  that  Sj  is  not  a composition  factor  of  any  of  the  resulting  filtration  factors. 

(2"  — 1)6  < (m(Il)  — 0)  + 2m(fl). 

However,  we  have  m(II)  + 2m(fl)  = m2-.(IIf]i)  < m2»(E  ® E)  < 2m2«(E)  = 40,  but 
we  are  assuming  n > 3.  To  establish  the  second  inequality,  we  show  that  Sy  ® E*  is 
not  a composition  factor  of  (fft  ®irt)  ® 6;,  ® . . . ® (Tff)/14  ® Sr  ® Et.  This  follows 
immediately  from: 


m((ot  ® <r *)  ® 0,,  ® . . . ® (r<r);,4  ® Sr  ® Et) 

< m(at  ® <r*)  + m(0/,  ® . . . ® (r«r)/14  ® Sr)  + m(Et) 

< 9 + (25(|T|  - 2)  + 21]  + 20  = 25|T|  < m(Sj-  ® Et). 
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LEMMA  6.3.4.  Let  /i,...,/i4,  and  R be  disjoint  subsets  of  N,  and  let  T C N.  If 
|r|  > |ft|  + 2,  or  ,/  |r  \ (/,  U • • ■ U /„  U fl)|  > 1 , then 

ef,  ® ■ ■ ■ ® r}M  ® Sr)  = 0, 

ifG  — D4,  and 

£*1tC(n)(ST'  ®A  ® • ■ • ® (T*)/„  ® Sr)  = 0, 
ifG  = At.  IfG  = Bt,  and  if  |T  \ U • • • U /«  U R)|  > 1,  then 

£r'ic(n)(5T,  6;,  ® - • - ® (r<7)/„  ® Sr)  = 0. 

PROOF:  Let  G = D4.  We  may  assume  R C T.  as  S is  self-dual.  Suppose  |7'|  > 
|R|  + 2.  Choose  k £ N\T.  Suppose  k 6 J|.  Then  Sj.  ® (OJ  ® . . . ® TJ  ® Sr) 
has  a quotient  isomorphic  to  ® . . . ® ® . . . ® Sr.  Now,  ST  is  not 

a composition  factor  of  St  ® ® . . - ® ® ■ • - ® Sr)  by  Lemma  6.2.1, 

since  |T|  > |/?|  + 2.  Thus,  Lemma  6.3.1  implies 

dimt(ExtJG(n)(Sr,  0°,  ® . . . ® rJM  ® Sr)) 

< <lim*(E*tlG(n)(Snj(t)-0°\(*)  ® • ■ • ® rj„u(t)  ® ■ • - ® Sr)). 

We  argue  similarly  if  k € I2  U • • • U /14.  If  k ( I\  U • ••  U /14,  then  Sj.  ® (0J  ® . . . ® 
® Sr)  is  irreducible,  and  (St  ® St)  ® (0|(  ® . . . ® ^ ® Sr)  has  no  composition 
factor  isomorphic  to  Sr,  by  the  final  assertion  of  Lemma  6.2.1.  Thus, 


dimt(ExtJc(n)(Sr,  6?,  ® . . . ® ® Sr)) 
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< dimt(ExtJc(n|(Snjjt|,e?i  ® . . . ® IfM  ® Sfljjt))) 
by  Lemma  6.3.1.  The  result  now  follows  by  downward  induction  on  |T|. 

We  argue  somewhat  differently  if  we  are  assuming  only  that  |T  \ (/j  U • - - U /M  U 
«)|  > 1.  Choose  k e N\T.  Then  St  ® (0J,  ® . . . ® rjM  ® SR)  has  a quotient 
isomorphic  to  0^  ® ...  ® j ® . . . ® ^pu(t)  ® . • .®  TJm  ® Sr,  for  some  restricted 
module  type  A (possibly  A = k and  A = S.)  By  twisting,  we  may  assume  that 
n - 1 € T \ (/!  J • ■ • U 7U  U R),  and  that  there  exists  j € T \ (/1 U ■ ■ • U /M  U R)  with 
0<*<j'<n-l.  Then, 


ma»(S* ® (0?,  ® . . . ® ® . . . ® Ap0(t) ® ■ ■ . ® I/„ ® Sr)) 

< mv{St  ® At)  + m2”(0°,  ® . . . ® A„m  ® . . . ®Avu{t)  ® .. . ® rjM  ® SR) 

<2*-(2m(5))+  Y,  2'-m(S) 

<6/iU->UEf\{h}U"4JVU{t}U»UB 

<2>-m{S)+  Y r-m(S) 

i6/|U'-01/\{iJU-WU{*)U..tJfl 

S £ **  • m(S)  = (2-1  - 1)  • m(S)  < 2-1  ■ m(S)  < m,.(Sr). 

Therefore  ST  is  not  a composition  factor  of  Si®(6J|  ®. . .®^f,\{i}®  ‘ •®'Vu{t)® 
. • . ® rjM  ® Sr).  The  result  then  follows  as  in  A)  by  Lemma  6.3.1  and  downward 
induction  on  |7’|.  The  arguments  for  the  case  G = A,  and  the  proof  of  the  claim  for 

COROLLARY  6.3.5.  Let  /14,  and  T be  disjoint  subsets  of  N with  |T|  > 1,  then 


Ezllc{n)(sT<  ©5,  ® ■ ® r?,,)  = 0, 


ifG=Dt, 
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&‘ic(n)(5T'  ©A  ® ■ • • ® (r*)/„)  = 0, 

if  G = A4,  and 

^n)(Sr.0i,®...«lr»)/„)  = 0, 

ifG  = B4. 

For  later  use,  we  still  need  to  the  strengthen  the  result  of  Lemma  6.3.4  if  G = 
LEMMA  6.3.6.  Let  G = B4.  Lei  I\t. .., /i4,  and  R be  disjoint  subsets  of  N,  and  let 
TCN,  with  IiU  -UluVRCT.  Suppose  that  |T|  > |A|  + 3,  or  that  |T|  = |fl|  + 3 
and  the  S elements  ofT\R  are  not  consecutive  (modulo  n.)  Then 

£rtic(n)(S7'.  6/,  ® ■ • • ® (r o)i„  ® SR)  = 0. 

PROOF:  Let  k e N \ T.  By  the  hypothesis  of  the  lemma,  there  exists  i€T\R  such 
that  [»]  (f  {[*],  [t  + 1),  [t  + 2],  [i  + 3](,  where  [ ] indicates  congruence  class  modulo 
n.  Therefore,  by  twisting,  if  necessary,  and  applying  Lemma  6.1.3,  Sp  cannot  be  a 
composition  factor  of  (St  ® St)  ® (0/,  ® . . . ® (IV)/H  ® SR)\  otherwise, 

(2"  - 1)0  < (m(Bi)  - m(S,))  + 2—,mj.(S  ® S) 

< — 0 + 2n-4mjn(S  ® S), 

for  some  B € (b,  0,  p,  A ....  IV}  since  n — 4 > the  least  uonnegative  residue  ofl-i 
mod  (n).  Thus,  we  would  have 


2*0  < m2»(S  ® S)  = 2 • 25  = 50, 


Lemma  6.3. 7A.  Let  G=D\.  Let  I is  be  disjoint  subsets  of  N = {0, 1, . . . ,n  — 

1}  with  |/j  U • • • U /14I  > 2.  Let  T be  an  arbitrary  subset  of  AT,  and  let 

x = x(sr,e;i®...®rjH) 

be  as  in  the  notation  of  Lemma  6.8.1.  Let  B denote  one  of  T*,  and  let 

U denote  the  corresponding  subscript  (i.e.,  U is  one  of  /14.J  Suppose  that 

k € U and  that  Ilfc  ® flj  is  a composition  factor  of  a module  of  the  form  Ay  ® 
By,  where  A is  one  of  S'1,...,!'0,  S,  where  B is  one  of  8a,...,rc,  where  fl  is 
one  of  t,eat',(i,Aatc,Aa6c,4',  where  j € {k  + l,*  + 2},  and  where  II  is  any  of 
k,  eabc, ....  r°*c,  S,  with  II  fl.  Then 

,,o"yG(n)(x.  n*  ® iij  ® (Qjt  ® . . . ® ® - . . ® rfj)  = 0. 

PROOF:  We  have 

dimt(Homic(n)(X,  nt  ® Slj  ® (6J,  ® . . . ® fl(,\(i|  ® . . . ® rfj)) 

< dimt(HomiC(n)(Sx  ® flJ.IIt  ® ©5(  ® . . . ® By\(*)  ® • • - ® f/,,)) 

+d  ■ dimt(HomtG(„,(e5i  ® • • • ® rj,,»  nj  ® (nt  ® s°,  ® • • ■ ® ® • ■ • ® r?M»). 

The  first  term  is  zero  by  Corollary  6.2.3,  by  the  assumption  on  il,  since  |/jU-  • -U/m|  > 
2.  The  second  term  is  handled  by  Lemma  6.1.3,  because  of  the  assumption  II  ^ B.  If 
9/,®..  .®r}M  were  a composition  factor  of  SljSfllt®©^®. . .©Bj,^*)®. . .gr^), 
we  would  have 

(2"  - 1)9  < (m(II)  - m(B))  + 2>-*m( fl), 

< m2»(nflj_t)  - m(B)  < m2»(/l  ® fl)  - m(B) 

< m{A)  + m(fl)  - m(B)  <14  + 8, 

but  we  are 


' assuming  that  n > 3. 
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LEMMA  6.3.7B.  Let  G=A 4.  Let  1\, . . . , 1 14  be  disjoint  subsets  of  N = { 0, 1, . . . , n — 
1}  with  |/j  U - • ■ U /14I  > 2.  Let  T be  an  arbitrary  subset  of  N,  and  let 

x=x(sT,eIl»...®rjj 

be  as  in  the  notation  of  Lemma  6.8.1.  Let  B denote  one  of  8,...,  I",  and  let  V 
denote  the  corresponding  subscript  (i.e.,  U is  one  of  1\,. . . . 1 14-)  Suppose  that  k 6 
U and  that  11*  ® ilj  is  a composition  factor  of  a module  of  the  form  Ay  ® By, 
where  A is  one  of  Q,...,T*,S,  where  B is  one  of  0, . . . , r*,  where  11  is  one  of 
h, 0. S',  1*. A, A*, A, A*, £, £*, 4>, T, T’,  where  j € {fc+l,*  + 2},  and  where  II  is 
any  of  the  restricted  module  types  k,Q,...,T*,S,  with  II  jl  B.  Then 


HomyC(n)(X,  Ily  ® n j ® (O/i  ® . . . ® ® . . . ® rJM))  = 0. 

Proof:  The  proof  is  virtually  identical  to  that  of  Lemma  6.3.7A. 

LEMMA  6.3. 7C.  LetG=By.  Let  /|,. In  be  disjoint  subsets  of  N = {0,1, ...  ,n  — 
1}  with  either  |/i  U U /14I  >3,  or  |/i  U • • • U /14I  = 3 such  that  the  elements  of 
I\  U • • • U /14  are  not  all  consecutive.  Let  T be  an  arbitrary  subset  of  N,  and  let 


X = X(ST,eh®...®(r<r),J 

be  as  in  the  notation  of  Lemma  6.8.1.  Let  B denote  one  of  0, . ..,IV,  and  let  U 
denote  the  corresponding  subscript  (i.e.,  U is  one  of  I\, . . . , I\y.)  Suppose  that  k 6 U 
and  that  n*fl*+iHj+2  is  a composition  factor  of  a module  of  the  form  Ay  ® By, 

where  A is  one  of  6 IV, S,  where  B is  one  o/0,...,IV,  and  where  II  is  any  of 

the  restricted  module  types  k,  8, . . . , To,  S,  with  H-fB.  Then 


HomkC(n)(X’  nini+iH*+2  ® (0/,  ® . . . ® Bjr\(*)  ® - - . 8 (IV),lt))  = 0. 
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Proof:  We  have 

dimi(HomtC(„)(X,  ntnt+1ft't+J  ® (6 /,  ® . . . ® ® ■ ■ • ® (!>);„))) 

< dimt(HomtC(„)(Sr  ® ft*+i  (ft'ljt+S'  D*  ® 6/,  ® . . . ® %\(*)  ® . . . ® (r<r),lt)) 
+d  ■ dimt(Homto(ll)(e,1  ® . . . ® (r*),„, 
nt+ini+j  ® 04  ® e,,  ® . . . ® Bux{t)  ® . . . ® (re-),,,))). 

Now,  it  is  easily  checked  using  2n-restricted  mass  and  the  assumption  on  B,  (or 
by  direct  inspection  of  Table  2-3)  that  !V  is  never  equal  to  £,*,*<r,r  or  To,  and 
that  if  n = S,  <l!o,  r or  r<r,  then  fl'  = k.  By  inspection  of  Table  2-3,  it  is  checked 
that  if  n = #,  then  O'  = k.  (Also,  it  is  obvious  that  neither  fl  nor  are  ever 
of  type  S.)  Therefore,  the  first  term  is  aero  by  Corollary  6.2.3,  because  of  the 
assumptions  on  /,  U • ■ • U /14.  The  second  term  is  handled  by  Lemma  6.1.3,  because 
of  the  assumption  II  B.  If  8,,  ® ...  ® (rtr),„  were  a composition  factor  of 
«*+ ltft+2  ® (nt  ® 6,,  ® . . . ® ® . . . ® (r<r),„),  we  would  have 

(2"  - 1)«  < (m(ll)  - m(B))  + 2m(fl)  + 4m(ft'), 

< m^tlHlinij)  - m(B)  < m2»(A  ® B)  - m(B) 

< m(A)  + m(B)  - m(fl)  <25  + 21-4, 
but  we  are  assuming  that  n > 3. 

Lemma  6.3.8A.  LctG  = Dt.  £et  , /I4  be  disjoint  subsets  of  N with  |/,  U • • • U 

/l4 1 > 2.  Let  T be  an  arbitrary  subset  of  N,  and  let 


x = Af(sr,ej1®...®r5„) 


be  as  in  He  notation  of  Lemma  6.S.I.  Let  A denote  one  of  k,  0o4c,  p,  Ao4c,  A“4c,  * , 
and  let  k 6 N.  Then 

Homkc(n)(x’  At  ® (©?,  ® • • • ® rfM))  = 0- 

PROOF:  We  induct  on  the  quantity  m(A),  the  result  being  obvious  for  m(A)  = 
0.  If  At  0 (0“(  0 . . . 0 r|M)  is  simple,  then  it  is  not  isomorphic  to  Sy,  because 
of  the  assumption  |/j  U U /14I  > 2.  Otherwise,  it  can  be  written  in  the  form 
(.4*  0 fli)  0 (0“1  0 ...  0 0 ...  0 rjM).  Because  of  the  assumption  on  A , the 

composition  factors  of  At  0 Bt  are  all  of  the  form  II*  0 Slj,  with  j 6 {i  + 1,  k + 2} 
and  fi  € {i.-,0a4c,p,  A“4c,  A04*,*}  (cf.  Table  2-1.)  If  II  ? B,  then  we  may  apply 
Lemma  6.3.7A  with  B = B.  If  II  = B,  then  we  must  have  m(fl)  < <n(A)  by  the 
“only  if”  assertion  of  Lemma  6.1.1,  so  that  induction  may  be  applied. 

LEMMA  6.3.8B.  LclG=A 4.  Let  /[,..  .,/i4  be  disjoint  subsets  of  N with  |/iU**-U 
/14I  > 2.  Let  T be  an  arbitrary  subset  of  Nt  and  let 

x = x(sT,eil®...®r,j 

be  as  in  the  notation  of  Lemma  6.3.1.  Let  A denote  one  of  k , 0, 0“,  p,  A,  A*,  A,  A*,  E, 
E*,*,T,T*,  and  let  k€N.  Then 

H°mkC(n)(.X<  Ak  ® (0/,  0 • - ■ 0 rj(<))  = 0. 

PROOF:  The  proof  is  almost  identical  to  that  of  Lemma  6.3.8A. 

LEMMA  6.3.8C.  Let  G = IJ4.  Let  /i,...,/i4  be  disjoint  subsets  of  N with  either 
|/j  U • • • U /14I  > 3,  or  |/i  U • • • U /14I  = 3 such  that  the  elements  of  I\  U • - • U In  an 
not  all  consecutive.  Let  T be  an  arbitrary  subset  of  N,  and  let 


x = X(Sr,0/,  0 •••  ®(r<r)/14) 
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be  as  in  the  notation  of  Lemma  6.3. I.  Let  A denote  one  of  k.Q, . . . To,  and  let  k € N. 
Then 

H°mkC(n)(X,  Ah  ® (0/,  ® . . . ® (r<r)/M))  = 0. 

PROOF:  We  induct  on  the  quantity  m(A),  the  result  being  obvious  for  m(A)  = 
0.  If  At  ® (0“i  ® . . . ® If  ) is  simple,  then  it  is  not  isomorphic  to  Sp,  because 
|/l  U • • • U /m|  > 2.  Otherwise,  it  can  be  written  in  the  form  (At  ® Bt)  ® (0/,  ® 
- - • ® ® - - * ® (r<7);„).  The  composition  factors  of  At  ® Bt  are  all  of  the  form 

If  n ^ B,  then  we  may  apply  Lemma  6.3.7C  with  B = B.  If  II  - B. 
then  we  must  have  either  I V = t and  m(fl)  < m(/t),  or  II  = k and  m{T()  < m(A), 
by  2"-restricted  mass  considerations  (with  the  assumption  A ^ S),  and  by  the  “only 
if”  assertion  of  Lemma  6.1.1.  Thus,  induction  may  be  applied. 

LEMMA  6.3.9A.  Let  G = D4.  Let  It,..., In  be  disjoint  subsets  of  N with  |/i  U 
• * * U /n|  > 2.  Let  T be  an  arbitrary  subset  of  N.  Suppose  furthermore  that  either 
T /iU*--U/i4,  or  that  0^  ®...®rjH  is  not  Galois  conjugate  to  a module  of  the 
form  prfcrfc,prfc0^c,peftcrsic,  or  Then 

«4;(n)(Sr.ej,®-®i1l4)=o. 


Proof:  If  |T|  > 2,  we  apply  Lemma  6.3.4.  Thus,  we  may  assume  /i  U • • • U In  £ T, 
let  k € (/j  U • - - U /14)  \ T and,  as  in  [171,  proceed  to  find  disjoint  subsets  /],...,  I\4 
with  /ju-  • -U/j4  = /(U'  • -U/i4,  and  such  that  dimt(ExtjC(n»(Sy,  0^®. . -®IfM))  < 
dimfcfExtl^^^jyjjjj,©®,  ®...®r|^)),  iterating,  if  necessary,  to  reduce  to  the  case 
|T|  > 2.  To  accomplish  this,  we  employ  Lemma  6.3.1,  as  usual,  and  show  that 


HomiC(n)WS:r.  0°,  ® • • • ® I/14)  ® St,  E)  = 0, 
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where  £ is  a simple  quotient  of  St®( 0Jt  ®. . We  assume  from  the  outset  that 

n > 3,  and  use  Lemma  6.1.3.  Suppose  k € U (where  U is  one  of  fu)  and  that 

B is  the  module  type  with  subscript  U in  the  above  notation.  Then  a simple  quotient 
of  el-/,,)  » given  by  E 3 0Jt®. . .®By\(ij®. . .®flyu(j.)®. . .®rf14 

(for  some  B),  with  m(B)-m(B)  < 11-3  = 8.  To  obtain  the  desired  result,  we  analyze 
the  filtration  factors  of  St  ® E 3 (St  ® Bt)  ® (0^  ® . . . ® By\(t)  ® . . . ® . . . ® TJ  ) 
resulting  from  the  composition  factors  of  St®Bt,  and  show  that  there  are  no  nonzero 
homomorphisms  from  X(Sx,  ® . . . ® TJJ  into  each  filtration  factor. 

The  composition  factors  of  St  ® fit  are  of  the  following  three  types: 

i)  Iltfy,  with  j e {*  + l,i  + 2}  and  fl  # ru,S.  (Only  those  with  SI  ^ k are  of 
concern  because  of  the  assumption  |/g  U ■ ■ • U /14I  > 2.)  If  II  = B,  we  may  apply 
Lemma  6.3.8A.  Otherwise  we  apply  Lemma  6.3.7A. 

ii)  ntSlt+i,  with  fi  — rafc.  This  type  of  composition  factor  occurs  only  in  the 
following  two  situations: 

a )B  = 9 (i.e.,  B = ft).  Then  we  have  II  = k ^ B,  so  we  may  apply  Lemma 
6.1.3  to  show  that  0°,  ® . . . ® TJm  is  not  a composition  factor  of 

rfc  ® (©/,  ® ■ ■ • ® ® • ■ • ® f/u)- 


(2”  - 1)«  > (m(t)  - m(p))  + 2m(r^) 

as  we  assume  n > 3.  Thus, 


HomtC(„)(x,  rjijf,  ® (0;,  ® . . . ® p;,\(t)  ® ■ • • ® r?M)) 
c Homtcjnji  St  ® rjtfj,  0;,  ® . . . ® p/4\(i)  ® . . . ® rjM), 


which  can  be  : 


e”,  ® . . . ® ® . . . ® n„  = rj+i  rj*=2, 

(*•*•■  e;,  ® - • ® rf14  a wrjftrft,)  and  t = {*  + 1,*  + 2},  or  if 

®“,  ® ■ • ■ ® vi,\{k)  ® • • • ® rj,,  - ri+iet+2- 

(i.e.,  0J,  ® . . . ® r5H  SS  and  T = {i  + 1 },  by  Corollary  6.2.3,  together 

with  the  assumption  |/j  U • • ■ U /14I  > 2. 

b)fl  = (i.e.,  B = 0-K)  In  this  situation,  we  have  II  = B k,  and  thus 

HomtC(n)(sr  ® rft,  n*  ® (ej,  ® . . . ® BUX{t)  ® . . . ® rfM» 

= Homlc(n)(Sr  ® ® . . . ® rjI4)  = o 

by  Corollary  6.2.3,  because  |/(  U • • ■ U /14I  > 2.  Thus, 

Homic(n)(X,  iff,  ® (0J,  ® . . . ® rf,,)) 

e Homjc^jfe;,  ® . . . ® rjM,  rj*f,  ® (e?,  ® . . . ® rji4». 

Now,  ifh  + I £ /]  U • ■ ■ U /j  4,  then  the  above  hom  group  is  obviously  zero.  Therefore 
we  consider  the  filtration  factors  of  (rg^fj  ®Sj+1 )® (05, ® . . •®/Jp\(i+1)®. . .0^) 
that  result  from  the  composition  factors  of  rj^fj  ® /i^+],  which  are  all  of  the  form 
^*+l^l+2^t+3  w‘t*1  n'  B'.  So,  by  Lemma  6.1.3,  if  0°,  ® . . . ® TJ  were  a 
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composition  factor  of  (0^0 £+,)  ® (II't+|  ® 0J,  ® . . . ® B|,ut+1)  ® ■ - . ® r}M)), 
we  would  have 

(2n  - 1)«  < (m(n')  - rnfa1))  + 2m{ti)  + 4m(fl") 

< m2-( ra4e  ® fl')  — m(B')  < mfr^)  + mfe1)  - m(B>)  = 11, 
which  is  impossible  under  the  assumption  n > 3. 

iii)  ntnt+,ni+2  with  0,lV  = ©a4c.  These  composition  factors  occur  only  in  the 
following  two  situations: 

a)  B = * (i.e.,  B = p.)  Here  we  have  II  = k ji  B,  so  the  usual  argument 
involving  Lemma  6.1.3  shows  that  0“J  ® . . . ® r|  is  not  a composition  factor  of 
(fi*+lfl'l+2)  ® (0J1  ® . . . ® ® . . . ® rj1()  if  n > 3:  otherwise  we  would  have 

(2"  - 1 )9<  (m(k)  - m(p))  + 2m(fl)  + 4m(ft') 

<m(S)  + m(*)-m(p)  = 18. 

Thus, 

HomlG(n)(*>  ni+lnt+2  ® (6?,  ® ■ • ■ ® /*/,\(4(  ® • ■ ■ ® H,,)) 

C HomtC(„)(Sr  ® (fit+ifli+2),  0°,  ® . . . ® ® . . . ® rfM), 

which  by  Lemma  6.2.2,  can  be  nonzero  only  if  0“(  ® . . . ® ® . . . ® Tj  £ 

r|5fi  r;+2  (i  e.,  only  if  0J_  ® ...  ® TJm  B!  p^rj^TJ*),  and  if  T = {k  + 1,  k + 2},  if 

e“,  ® ■ ® "MW  ® ■ ■ ■ ® rf*  “ rfoeft.  (“•>  e?, « • ® rfM  a «rfce&) 

andT  = {i+l},if05i®...®pj4\{i}®...®rjM  SO^r^.O-e.,©^®...®^  2! 
«0*+; irt+2)  r = {*  + 2),  or  it  0°,  ® • • • ®P;,\(t)  ® . . . ® TfM  S£  0jif,0j*f2, 

(i  e-,  9?,  ® • • • ® r}„  - M®*£i0*+2>  and  T = &. 


b)  B = ratc  (i.e.,  B = Qa^.)  Then  II  = B ^ k,  so  in  this  situation,  we  have 


Homtc(n)(sr  ® (fit+tHi+2).  n*  ® (0J,  ® . . . ® %\(t)  ® • ■ • ® rj„)) 


= Homic(p,)(Sr  ® (Ht+lHi+j),©;,  ® . . . ® I"/,,))  = 0 
by  Corollary  6.2.3,  so  that 


H°mt<.(n)(x,  n*+ini+2  ® (0°,  ® . . . ® rfM)) 

c Hom^H^oj,  ® . . . ® rfM,  nt+1ni+2  ® (©?,  ® ■ • ■ ® rf14))- 

We  consider  the  filtration  factors  of  fli+i(lj+2  ® (0^  ® . . . ® rJM)  that  result  from 
the  composition  factors  of  Ht+[  ® Bj+1  for  some  13'  (possibly  B'  = k.)  Because 
fl  = 0“6c,  we  have  that  the  composition  factors  of  n*+i  ® are  of  the  form 
nt+in*+2  with  n'  + W-  So,  by  Lemma6.1.3,  if  0®(  ®.  ..®r|^  were  a composition 
factor  of(fl"+2®fii+2)®  (^t+ 1 ® 6°,  ® • • • ® j)  ® • • - ® rj1( ),  we  would  have 

(2n  - 1)6  < (m(n')  - m(B'))  + mj-flT/ ® O',) 

< (m(n')  - m(B'))  + mj-tfl?)  + mjnfn',) 

= m2»(n'ni')  + 2m(n')  - m{&) 

< m2"(H  ® S')  + 2m(H')  - m(B')  < m(!))  + m(B")  + 2m(Il')  - m(fl')  = 9. 

LEMMA  6.3.9B.  Let  G = A4.  Let  I{,. . . , /14  fie  disjoint  subsets  of  N with  |/j  U 
- • • U /14I  > 2.  Let  T be  on  arbitrary  subset  of  W.  Suppose  furthermore  that  either 
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7'  £ /]  U ■ - • U In,  or  that  neither  0/j  ® . . . © rj  nor  its  dual  is  Galois  conjugate 
to  a module  of  the  form  ATiI^,  AfiOJ,  AOiTJ,  orA0i0J.  Then 


Et<ic(n)(5r'  6/,  ® ® r}„)  = 0- 


PROOF:  The  argument  is  very  similar  to  that  of  Lemma  6.3.9A,  and  even  simpler 
in  some  parts.  The  restricted  modules  A(*),  and  r(*)  for  A 4 play  the  roles  of 
II,  4,  and  r°4c  of  Dg,  respectively.  The  only  differences  in  the  proof  are  that  in  parts 
(ii)  b,  and  (iii)  b,  we  have  II  = B*  ^ k (instead  of  II  = B).  Thus,  the  arguments 
involving  Corollary  6.2.3  still  goes  through.  Also,  because  II  B,  the  mass  argument 
involving  Lemma  6.1.3  goes  through  immediately,  without  further  expansion  of  tensor 

LEMMA  6.3.9C.  Let  G = Bg.  Let  /,,...,  I\\  be  disjoint  subsets  of  N with  |/j  U - • • U 
Ili | > 3,  or  with  |/i  U • • • U /14I  — 3 such  that  the  S elements  of  I\  U - • - U I\g  are  not 
all  consecutive.  Let  T be  an  arbitrary  subset  of  TV.  Then 

£ri*C(>i)('5T'  9/,  ® • • - ® (IV),  J = 0. 

PROOF:  If  /|  U • • • U /14  C T , we  apply  Lemma  6.3.6.  Thus,  we  may  assume 
otherwise,  let  It  € (It  U •••  U /14)  \ T and  find  disjoint  subsets  /14  with 
/(U--U/J4  = fiU---U/i4,  and  such  that  dim*(ExtJC|nj(,Sj',0,1®...®(IV),1,))  < 
dimi(Ext^c^^(57ij{4j,0,/  ® ...®  (IV) ,»,)),  iterating,  if  necessary,  to  reduce  to  the 
case  /,  U - • - U /14  C T.  To  accomplish  this,  we  employ  Lemma  6.3.1,  as  usual,  and 
show  that 


HomlG(„)(X(Sr,0,,  ® . . . ® (IV),,,)  ® St,  E ) = 0, 


where  E is  a simple  quotient  of  St®(Q;,  ®.  • .®(IV)/M).  We  assume  from  the  outset 
that  n > 3,  and  use  Lemma  6.1.3.  Suppose  k 6 J (where  U is  one  of  , /14)  and 
that  B is  the  module  type  with  subscript  U in  the  above  notation.  Then  a simple 
quotient  of  S*  ® (0/,  ® . . . ® (To)jm)  is  given  by  E = 0/,  ® . . . ® ® . . . ® 

Byu(i,  ® . . . ® (r<r)fl4  (for  some  B),  with  m(fl)  - m(B)  < 21  - 4 = 17.  To  obtain 
the  desired  result,  we  analyze  the  filtration  factors  of  St  ® E a (S*  ® Bt)  ® (0/,  ® 
• • -®  Bj/\(t)  ® . •®..®  (r<r)/H)  resulting  from  the  composition  factors  of  St®Bt, 
and  show  that  there  are  no  nonzero  homomorphisms  from  X(Sr,0/1®...®(rer)/M) 
into  each  filtration  factor. 

The  composition  factors  of  St  ® Bt  are  of  the  following  three  types: 

i)  11*11;.  with  j 6 {£  + 1, & + 2}  and  SI  yl  S.  (Only  those  with  SI  ^ k are  of  concern 
because  of  the  assumptions  on  /iU---U/i4.)  If  II  = B,  we  may  apply  Lemma  6.3.8C. 
Otherwise  we  apply  Lemma  6.3.7C. 

ii)  ntSlt+,SI't+2  with  SI, SI'  ( {*,  Vo,  T,  Ttr,  E,  S}.  (This  follows  by  2" -restricted 
mass  considerations  except  the  claim  SI  ji  #,  which  is  verified  by  inspection  of  Table 
2-3.)  Because  of  the  assumptions  on  U • • - U 7n, 


Hom*G(„)(Sr  ® (fit+ifi't+j),  II*  ® 0/,  ® . . . ® By\(i)  ® . . . ® (r«r)/M)  = 0 


by  Lemma  6.2.2.  1 


H°mtC(„)(X,  S!t+i Sl't+2  ® (nt  ® 6/,  ® • ■ • ® B(,\(t)  ® . . . ® (IV)/M)) 


C HomtciHjfO*,  ® . . . ® (ro);H,llt+1S!'t+2  ® (nt  ® 0;,  ® . . . ® (r<r)/M)). 


We  now  consider  the  following  two  sit 


a)  IT  ^ B.  The  usual  argument  involving  Lemma  6.1.3  shows  that  0/,  ® . . . @ 
(To)/M  is  not  a composition  factor  of  (fit+ift*+2)®(n*®0/,  ®.  ..®B(/\j*)®. . -® 
(r<7)/J  if  n > 3:  otherwise  we  would  have 

(2"  - 1)«  < (m(n)  - m(B))  + 2m(tl)  + 4m(fl') 

< m(S)  + m(B)  - m{B ) <25  + 17. 

b)  II  = B.  We  consider  the  nitration  factors  of  fU+ifl*+2  ® (©/,  ® ...  ® 

(IV)/, 4)  that  result  from  the  composition  factors  of  flfc+i®B^+,  for  Somes'  (possibly 
B‘  = k.)  If  0 ^ p,  we  have  that  the  composition  factors  of  fl*+i  ® B*+J  are  of 
the  form  n't+|fJ*+2n*^j  with  II'  B1.  (cf.  Table  2-3.)  So,  by  Lemma  6.1.3,  if 
0/,  ®...®(T<r)/u  were  a composition  factor  of  (fi*+2fi*'+3  ® f!*+j)  ® ( n*+ , ® 0;,  @ 
• - • ® ® • • • ® (r<r)/„),  we  would  have 

(2n  - 1)0  < (m(n')  - mis'))  + my.tfl'/fl'jJ'  ® «',) 

< (m(Il')  - mis'))  + m2«(fl'1'n'2")  + m2n(il',) 

= m2»(n'n'/fii")  + 2m(fl')  - m(fl') 

< m2-(«  ® B1)  + 2m(tl')  - m(ff)  < m(fl)  + m(B')  + 2m(fl')  - rn(B') 

< (l/2)m2.(nn,ns)  < (l/2)(m(S)  + m(B))  < 23. 

If  fl  = p,  we  have  that  the  composition  factors  of  fl*+|  ® B*+[  of  the  form 
^i+l^lt+2^t+3  w'1^  D'  = B'  all  have  fl"  = fi'"  = k.  This  follows  easily  from 
2"-restricted  mass  considerations.  We  then  consider  the  filtration  factors  of  fl*+2  ® 
(0/,  ® . . . ® (IV)/,,)  that  result  from  the  composition  factors  of  0*+2  ® fl*+2  for 
some  B"  (possibly  B"  = k.)  By  2n-  restricted  mass  considerations,  we  observe  that 
we  never  have  II  = B,  fl  = p,  and  fV  = p,  so  that  the  preceding  argument  involving 
Lemma  6.1.3  may  now  be  applied.  I 
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COROLLARY  6.3. 10A.  Let  G = Dg.  Let  /],...,  1\$,  and  T be  disjoint  subsets  of  N 
with  |/i  U • ■ • U /14I  > 2.  Suppose  that  either  T ^ or  that  ® . . . ® r|  w not 
Galois  conjugate  to  a module  of  the  form  pQ^Q^.  Then 

^io(n)(Sr.e?,®...®r5M)  = o. 

PROOF:  We  apply  the  result  of  Lemma  6.3.9A  in  all  cases  except  T = j>  and  It  U 
U /14  of  the  form  + 1, k + 2).  In  all  of  the  exceptional  cases  (of  Lemma 
6.3.9A)  except  0^  ®. . .®rjK  S i®£+2-  we  can  apply  the  iteration  argument 
used  in  the  proof  of  Lemma  6.3.7  to  show 

Extic(n)(*-e/,  ® ■ • ■ ® rj14)  < Ext'C(n)(5*,  e;,®...®  ty  < 

• • ■ < ExtJc(n)(S(*,*+l.t+J)'  ®°"  ® ■ • • ® n*  )i 

the  arguments  go  through  because  the  sets  {*}, {fc,  fc  + 1,  Jfc  + 2}  are  never  of 

the  form  {*  + 1},  {*  + 2}  or  {*  + 1,  k + 2}  (and  n > 3 so  that  k + 3 # k mod(n).) 
Corollary  6.3.10B.  Let  G = A4.  Let  /i,...,/i4,  and  T be  disjoint  subsets  of  N 
with  | J|  U • • • U /14I  > 2.  Suppose  that  either  T / rj,  or  that  neither  Qjt  ® . . . ® rjM 
nor  its  dual  is  Galois  conjugate  to  a module  of  the  form  A©i0j.  Then 

firtic(n)(®r.e/l®-®rfH)  = o. 

PROOF:  The  proof  is  almost  identical  to  that  of  Lemma  6.3.10A. 

Corollary  6.3. IOC.  Let  G = Bg.  Let  /i,  • . . . /14,  and  T be  disjoint  subsets  of 
N with  |/i  U - • ■ U /14I  > 3,  or  with  |/j  U • • • U /14I  = 3 such  that  the  elements  of 
It  U • • • U In  are  not  all  consecutive.  Then 


Ez‘iG(n)(sr,  e?,  ® . . . ® ry  = 0. 
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PROOF:  This  18  just  a weakened  version  of  Lemma  6.3.9C. 

Lemma  6.3.11.  Lei  fl,  • - - , fl4,  and  It  be  disjoint  sets  with  /]  U - ■ ■ U 1 14  U It  C T for 
some  set  T C N = {0, 1, ....  n — 1},  with  |/j  U - * • U /14I  > 2.  Suppose  furthermore 
that  there  exist  i,j  € /j  U • • • U /14  with  |i  - j\  > 2.  Then 

£i,lc(n)(5r- 6?,  ® • • • ® I/M  ® Sr)  = 0, 

i/G  = O4,  and 

0/,  ® • • ■ ® (r*)/l4  ® SR)  = 0, 

if  G = /I4,  and 

£ciiG(n)(Sr,  9/,  ® . . . ® (r<r)/14  ® Sr)  = 0 


PROOF: 

Let  G = D4.  Let  k e N \T.  By  the  hypothesis  of  the  lemma,  there  exists 
i 6 /1  U • • - U /14  such  that  [i]  ( ([l],  [i  + 1],  [1  + 2],  |i  + 3)},  where  [ • | indicates 
congruence  class  modulo  n.  Therefore,  by  Lemma  6.1.3,  Sy  cannot  be  a composition 
factor  of  (Sj.  ® Sj.)  ® (6J  ® . . . ® T514  ® Sr);  otherwise, 

(2"  - 1)«  < (m(Bf)  - m(Si))  + 2"~*mv(S  ® S) 

< — 0 + 2n-4m2«(S  ® S), 

since  n — 4 > the  least  nonnegative  residue  of  k — i mod  (n).  Thus,  we  would  have 


24«  < m2»(S  ® S)  = 2 • 14  = 28, 


roofa  for  A,  and  B\  . 


§6.4.  Rational  Cohomology 
We  have  thus  reduced  the  computation  of 

H\G(n),  ej,  ® . . . ® rj„  ® Sfl)  :=  Ext{C(n)(i,  0J,  ® . . . ® rjM  ® Sr), 
«'(G(n),  e;,  ® . . . ® rj14  ® Sr)  :=  Ext^jJi,  6/,  ® . . . ® r}„  « Sr), 

for  (?  = A|,  and 

H\G(n),  0/,  ® . . . ® (r<r),14  ® Sr)  :=  Extlc(n)(*,  0,,  ® . . . ® (r a),„  ® Sr), 

for  G = Bi,  to  the  cases  where  \I\  U • - - U /14I  < 3 and  |/!|  < 1.  We  complete  the 
task  by  using  information  about  Weyl  module  structure  to  obtain  cohomology  for 
the  algebraic  group.  We  will  need  here  the  assumptions  that  n > 9 if  G = D\,  and 
n > 10  if  G — B\  and  n > 11  if  G — A\  , in  order  to  apply  Theorem  7.1  of  [7]  (i.e., 
so  that  the  restriction  map 

Extk(I(,, ),!{„))  _ Extic(n)(£(/i),I(y)) 


By  the  result  of  Chapter  5,  we  obtain  for  A): 

Extj;(k,0)  3!  ExtJ.(i,A)  — Ext k(M  — ExtJ-(i,  A)  3!  ExtJ,(k,E)  a 
Ext^(t,  T)  3!  Ext^(h,  T)  a 0(3!  ExtJj(k,  0*)  a ...  a ExtJjjfc,  T*)); 
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ExtJ;(*,  *)  a *;  Ext^(i.AAi)  S i(K  ExtJj(t,A*A;));ExtJj(t,  A8J)  a * 

(a  ExtJj(t,  A*8i));  ExtG(fc,  T0J)  a i(a  ExtJ,(*,T*8,)); 

For  £4,  we  have; 

Extj>(t,  8“*)  a ExtJj(t,  Aa4c)  a ExtJ,(i,  A"4')  a Ext{;(t,  r,4c)  3 0; 

Ext lc(k,  p)  a 2Jfc;  Ext^(h,  *)  a t;  ExtJ,(*.  4-p,)  a *;  ExtJ,(t,  pS?4*)  a *; 
and  for  £4,  we  have: 

ExtJj(i,8)  a ExtJj(i,  A)  a ExtJ.(i,  A)  a ExtJ,(i,r)  a ExtJ;(t,E)  a 
ExtJj(i,  <r)  a ExtG(Ar,  8<r)  a Ext^(i,  Ao)  a ExtJ,(*,  Ao)  a Extols,  To)  a 0; 
ExtJ;(*,  8)  a k;  ExtJ .(*,  /j)  a i;  ExtJ;(t, 4>)  a i;  ExtJ;(*,  *pi ) a t; 

ExtJ;(*,P<ri)  3 i; 

and  (for  all  three  groups)  ExtJ^&.ITOi)  a 0 for  all  other  choices  of  11,0,  and 
ExtG(&,  nn2)  a 0 for  all  possible  choices  of  II,  0. 

Most  of  the  remaining  cohomology  groups  can  be  computed  assuming  only  n > 
4.  We  consider  the  seperate  cases  |/j  U • • • U /14I  = 0, 1,2,3. 


i)/,U  -U/,4  = *. 

Since  G(n)  is  simple,  E*tJ0jnj(i,  k)  = 0.  Also,  we  have  Ext^,^*,  SR)  = 0 
for  R >'  li  if  (■  — £4,  by  Lemma  6.3.2.  In  the  cases  G — £4  and  A4,  it  remains 
to  show  that  ExtJCjnj(*,Si)  = 0 and  apply  Galois  conjugation  to  obtain  the  result 
for  R = i.  To  accomplish  this,  we  show  that  HomtG(n)(X(Si,  it)  ® S,S  0 k)  = 
HomjG(n)(.V(5i,t),  S 0 5)  = 0,  and  apply  Lemma  6.3.1  as  usual.  This  will  show 
that 


dimt(ExtjC|nj(Si , k))  < dimt(ExtJG(nj(S(o  i),  £)), 


1 by  Lemma  6.3.2. 


169 

Now,  5®  5,  as  a G-module,  has  a filtration  by  Weyl  modules 

0 C M,  = V(2p)  C...Mt  = V(p)  ® l/(p). 

The  fact  that  S®S  has  only  one  composition  factor  isomorphic  to  Si  = L{2p)  implies 
that  Hom4C(n)(X(Si,l-), = 0 for  all  i,  except  possibly  i = 0.  However, 
HomtC(„)(X(S|,  k),  V(2p))  = 0,  because  V(2p)  has  simple  head  isomorphic  to  Sj,  no 
other  composition  factors  of  Si,  and  rad(V(2p))  contains  composition  factors  other 
than  k.  (Injectivity  of  Ext q(£(p),  L(v))  — > ExtJCjnj(i(p),  L(v))  for  p" -restricted 
weights  p,  v implies  that  5 ® 5 has  the  same  radical  series  considered  as  a G-module 
as  when  considered  as  an  £C(n)-moduIe,  if  n > 2,  (for  G = Du  or  /I4.]) 


a)/iu-u/,4  = {i}. 

The  cases  where  R = 0 are  listed  above.  Thus,  it  remains  to  dispense  with  the 
case  R = {fc}  (with  k / i).  We  show  that 

dim4(Ext|G(n)(Sl,/t,))  < dim4(ExtJc(n)(5,i  4),Aj)) 


(which  is  sero  by  Lemma  6.3.3),  again  using  Lemma  6.3.1: 


Hom4G{n)(X(S4,  >1,*)  ® 5,-,  A,*)  = Hom4Gjn)(X(S4,  5,*  ® A;)  = 0 


because  S4  cannot  be  a composition  factor  of  S;®A,  as  i yS  i (cf.  Tables  2-1  to  2-3, 
or  by  2”-restricted  mass  considerations). 


iii)  /1  U - -U  /H  = 
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IS  R = {&},  then  in  the  case  G = D\,  we  argue  as  follows.  Relabeling  if 
necessary,  without  loss  of  generality,  we  assume  that  jftk  — 1.  We  first  argue  that 
Si  ® AiBj  has  filtration  factors  resulting  from  a composition  series  of  Si  ® A,  that 
are  of  one  of  the  following  3 forms: 

i)  irreducible  and  not  isomorphic  to  St, 

ii)  of  the  form  fl;  ® Oj+I  ® (n<+2  ® fi,+2)  (with  SI,  St  jt  I’"*',  S), 

iii)  of  the  form  Ii;  ® (li,*+i  ® Bi+i)  ® flJ+2. 

All  of  the  composition  factors  of  H'-+2  ® /i;+2  are  of  the  form  nJ+2fi('+3,  so  the 
resulting  filtration  factors  of  type  (ii)  are  irreducible  if  n > 3,  with  SI"  / S.  By 
assumption,  k $ { i , ; therefore  5*  cannot  be  a composition  factor  of  type  (ii)  if 
n > 3.  For  filtration  factors  of  type  (iii),  we  argue  using  2"-restricted  mass: 

m2»(S ® ABi)  < m2*(S)  + mv>(ABi)  < 14  + 11  + 2 • 11  = 47, 

whereas  St  will  have  a 2"-restricted  mass  of  at  least  4 ■ 14  = 56  if  k $ (0, 1}.  This 
shows  that 


dimt(ExtJG(n)(St,  A.B;))  < dimt(Ext[c(n)(S|l  t),  A.Bj)). 

re  similar.  (We  assume  n > 4 for  G = B4.) 

Next,  we  argue  that 


dimt(ExtJc(n)(S{iii),  AiBj))  < dimt(ExtJc(n)(S(ljt),  A;B,)) 


(which  is  zero  by  Lemma  6.3.3)  via  Lemma  6.3.1  by  using  2” -restricted  mass.  By 
twisting,  we  may  assume  k = n - 1.  We  have: 


m2"(Sj  ® AiBj)  < m2»(5j)  + m2„ ( Bj ) + m2«(A,) 
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< 2"  ^ • (14  + 11)  + 2n-^  * 11  < m2n(5„_i)  < rn^iS/t), 

because  j yf  k - 1.  Again,  the  arguments  for  this  step  in  the  cases  G = Aj  and  B4 
are  similar. 

We  are  reduced  to  the  case  R = 0.  Now,  if  |i  — j\  > 2,  we  have 


dimj.(ExtJG(n)(i,  AjBj))  < dimt(Extic(n)(S,-,  A.Bj)), 


for  G = D4 , /t.j,  and  B4:  we  have  that  k is  not  a composition  factor  of  5,  ® A,*B; 
since  all  of  the  filtration  factors  resulting  from  composition  factors  of  Si  ® A/  are 
irreducible  of  the  form  11,11, •+iflJ+2Bj.  Similarly, 

dimitExtJg^^Si.A.B,-))  < dimt(ExtJG(n)(S(lJj,  Aify)). 

We  may  assume  henceforth  that  {i,i}  = {0,1}  or  {0,2}  by  applying  Galois 
conjugation.  Those  cases  were  listed  at  the  beginning  of  the  section. 

iv)/iU  -U/M  = {»,i  + l,l  + 2}. 

By  twisting,  assume  i = 0.  We  shall  first  dispense  with  this  case  if  G = D\\  the 
argument  for  A4  is  similar.  By  Corollary  6.3.10A,  we  need  only  consider  the  case  R = 
0 and  0^  ® . . . ® TJm  Galois  conjugate  to  By  considering  2"-restricted 

mass,  it  is  observed  that  all  of  the  composition  factors  of  L[p)& L([p- 6j]+2S,+iSi) 
are  2^  -restricted,  for  s,t  € {1,3,4}.  Thus,  since  the  algebraic  group  cohomology 
ExtJ;(t,  t(«2  + 2d,  + 4«())  is  zero,  (and  since  HomtG(n)(i,  S ® = 0,)  we 

have  that 


Hom^jWt.pe^e^.s®  #efc05‘e)  = o, 
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if  n > 3,  because  of  injectivity  of  ExtJj(Z(v),  £(i/))  — . ExtJG(,(Z(i/),Z(i/'))  for 
p"-restricted  weights  u,  v' . Therefore,  by  Lemma  6.3.1,  we  have 

dim*(Extic(n)(i,p0f'0?*c))  < dimt(Extic(n)(S,  #efk^*c)), 

which  is  zero  by  Lemma  6.3.9A. 

Now  let  G = f?4.  We  dispense  with  the  case  R = {t}  (with  k ^ 0,1,  or 
2 mod(n))  but  will  apply  the  the  Cline-Parshall-Scott-Van  der  Kallen  result  (and 
assume  n > 10)  to  obtain  ExtJGjnj(*,/lBiC2))  (i.e.,  to  handle  the  case  R = 0.)  By 
2n  -restricted  mass  considerations,  we  see  that  Sk  cannot  be  a composition  factor  of 
5 ® ABjC'2,  that  S ® Sk  cannot  be  a composition  factor  of  Si  ® ABiCfr  and  finally 
that  SSi&Sk  cannot  be  a composition  factor  of  S2  ® AB\  Cfc.  Therefore,  by  Lemma 


dimt(Ext‘c(n)(St,  ABxCi))  < dimi(ExtJG(ll)(S  ® Sk,  ABxCt)) 

< dimt(Extju(n)(SSi  ® St,  AB1C2))  < diml(ExtJG(B)(SSiS2  ® Sk,  AB,C2)), 


which  is  zero  by  Lemma  6.3.6. 


CHAPTER  7 


FINAL  REMARKS 

We  have  computed  all  of  the  extensions  for  the  simple  modules  over  the  algebraic 
groups  and  all  of  the  extensions  of  the  trivial  module  for  all  but  finitely  many  of  the 
finite  groups  for  the  groups  of  Lie  type  A4,  B. 4,  C\  and  D4  over  an  algebraically  closed 
field  of  characteristic  two.  One  of  the  main  observations  that  we  make  is  that  the 
extensions  for  the  simple  modules  over  the  algebraic  group  are  completely  determined 
by  the  situation  over  the  second  Frobenius  kernel;  in  other  words,  all  of  the  modules 
Ext c(L(/i),  L(v))  for  all  dominant  weights  p,  v are  determined  once  they  are  known 
for  the  2 - restricted  weights.  In  some  sense  we  may  phrase  this  by  saying  that  all  of 
the  1-cohomological  information  for  these  algebraic  groups  is  completely  determined 
by  knowledge  of  the  action  on  the  simple  modules  by  the  differential  operators  of 
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